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1 Introduction
Marine fisheries are very important to the economy and livelihood of coastal
communities, providing food security, job opportunities as well as traditional
cultural identity. They produce 80–100 million tonnes of fish annually since
the late 1980s 80 million tonnes of fish in 2009 and directly employed 34 million people in fishing operations in 2008 (FAO 2010, [12], [22]). Therefore, the
preservation of long-term prosperity and sustainability of marine fisheries is
of political and social significance as well as economical and ecological importance. Due to poor regulation in combination with increasingly efficient
fishing technology and growing demand for seafood the overfishing problem
persists [23], and about a third of the fish stocks globally is subject to ongoing overfishing [12]. From a resource economic perspective, the main reason
for overfishing relies in the fact that the value of a non-caught fish due to its
reproduction and growth rate is not considered in the strategy of fishing fleets
[30]. In economic terms these additional costs of the fish being caught is called
shadow price. In an open and unregulated fishery the economic costs of fishing
are underestimated and more fish is caught than it is sustainable. Therefore,
some states introduced policy instruments including landing fees, total allowable catches (TAC’s) and marine protect areas (MPA’s). But then, important
social and economical questions arise related to the optimal amount of TAC’s
as well as the design of those MPA’s in terms of size and location in the sense
that the fish stocks recover sufficiently to sustain fisheries yields and incomes
at economically and ecologically viable levels.
While this approach has provided important insights into the optimal management of fish stocks, the intensifying problem of overfishing and the ongoing
crisis in world-wide fisheries require new and more sophisticated management
strategies for fisheries. Most fishery models are based on ordinary differential
equations (ODEs), modeling the development of fish biomass over time [8].
The spatial dimension has been widely neglected in resource economics. Only
few attempts exist in resource economics to include one spatial dimension in
addition to time in optimization models, e.g. [4, 5, 20]. Specifically in fisheries
this is problematic, because of the following two reasons: (a) many economically important fish species migrate in space and (b) transport costs (in terms
of fuel costs) and search costs (in terms of days at sea) for the fishing vessels
play an important economic role in fisheries.
In the work of Ding & Lenhart [11], a two-dimensional stationary (elliptic) fishery model is mathematically analyzed with respect to solvability and
uniqueness. Optimal harvesting in the stationary setting is mathematically
analyzed by Bressan et al. [3]. A parabolic optimization problem for a coupled
system of prey and predator populations with a tracking type functional is
analyzed by Joshi & Lenhart in [15]. A further parabolic optimization problem with a bilinear target functional and a growth function for the population
with bounded derivatives is investigated by Joshi et al. in [16]. Recently, Coclite and Garavello analyzed existence of solutions of an optimal harvesting
problem with measured-valued control, see [9]. Another step towards spatially-
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distributed optimal control of harvesting was recently done by Kelly et al. [17].
They showed existence of the optimal control problem for a particular bilinear
target functional and investigated optimal harvesting strategies by numerical experiments. A focus was made on the differences for several choices of
boundary conditions (of Dirichlet, Neuman, and Robin type) .
A further step to a two- and three-dimensional (2D/3D) spatial domain
will be the methodical challenge in this work. To this end, we set up a generic
ecological-economic fisheries model in space and time using partial differential
equations (PDEs). We describe the strategy of a fishing fleet mathematically by
an optimal control problem in a multi-dimensional domain with a target function of maximizing the discounted present value of profits and the remaining
fish stock at final time. This results in a non-convex optimal control problem,
governed by a semilinear parabolic PDE with the control variable appearing
bilinearly in the state equation, see the details below. A further speciality of
the problem is the presence of a term in the cost functional, which is linear
with respect to the control variable. This term is related to L1 -norm type
terms in sparse control problems, cf., e.g., [21]. The main assignment of this
work is the mathematical analysis of this optimal control problem as the basis
for efficient numerical methods to solve it. To this end, we address in the paper
the existence and uniqueness of states for admissible controls (Theorem 2.2),
existence of an optimal solution (Theorem 2.3), as well as first and second
order optimality conditions (Theorem 3.7 and Theorem 4.6 respectively). The
first order optimality system, which states a necessary optimality condition
for the problem under consideration, provides information on the structure
of the optimal solution. Moreover, it is the basis for both tailored discretization with finite elements (cf. Section 5) as well as the solution algorithm by
a semi-smooth Newton method, cf. [13, 28]. The second order sufficient optimality condition provides the structure required for both convergence analysis
of semi-smooth Newton methods as well as for a priori error analysis for the
discretization error. For an elliptic problem with a bilinear control we refer [14]
for such error analysis. The case of a parabolic problem with a semilinear state
equation (but with the control on the right-hand side) is treated in [19]. The
extension of such analysis based on our results is possible and is subject to
future research.
We consider the following state equation for the fish biomass (state) u =
u(x, t) and the harvesting effort (control) q = q(x, t) in a d-dimensional bounded Lipschitz domain Ω ⊂ Rd , d ∈ {2, 3} at time t ∈ [0, T ]:
∂t u − ∆u + u(u − a) = −qu in (0, T ) × Ω,
∇u · n = 0
u(0) = u0

on (0, T ) × ∂Ω,
in Ω.

The Laplacian operator describes the spatial mixing of the biomass due to
isotropic movement. The term −au with some a > 0 models the linear growth
rate, the quadratic term u2 stands for the typical saturation behavior of logistic growth due to density dependence caused by competition for limited

4

Malte Braack et al.

food resources. The control q enters into the model by building the product
of fishing effort intensity q and existing biomass u. To take various real-world
complexities into account, such a model can be adapted by introducing several scaling parameters for the spatial diffusion and logistic growth. Those
parameters can be time- and space-dependent. Moreover, one may introduce
a further advective term to take a directional movement of the fishes into account. However, this equation system serves as a prototypical mathematical
model to describe the biomass of fish controlled by fishing activities.
The optimal control problem for the state u and the control q consists of
minimizing the cost functional
Z Z
Z
Z T
Z
α T
−ρt
q 2 dx
J(q, u) :=
e
q(r − u) dx dt − λ u(T ) dx +
2 0 Ω
0
Ω
Ω
with a non-negative parameter λ ≥ 0 and positive α > 0. This functional includes the benefit of the harvest qu, the fishing costs −rq with a non-negative
weighting function r ∈ L2 (Ω), r ≥ 0, to account for differentiated costs depending on the distance of the fishing location and the harbour (fuel costs and
working days at sea). The exponential factor e−ρt is a typical discounting factor with a market interest rate ρ ≥ 0. The integral of the state and final time
weighted by the parameter λ accounts for the value of the remaining fish stock.
The term involving the L2 norm of the control of q is a regularization term of
Tychonoff type that takes increasing marginal fishing costs into account. For
most fisheries, α is a small but positive parameter.Further, we have pointwise
control constraints
0 ≤ q(x, t) ≤ qmax

a.e. in (0, T ) × Ω.

The lower bound means that fish can only be taken out of the ocean, i.e. there
is no stocking with fish. The upper bound qmax ∈ R, qmax > 0 is imposed to
account for a finite capacity of the fishing fleet.
1.1 Notations
By (·, ·)ΩT we denote the standard L2 inner product over ΩT := (0, T )×Ω and
the corresponding norm by k·kΩT . The lateral boundary of ΩT is denoted by
Σ = (0, T ) × ∂Ω. The L2 -scalar product and norm over Ω are simply denoted
by (·, ·) and k·k, respectively.
In order to incorporate the exponential discount factor, we use the weighted
L2 -scalar product
Z T
Z
(f, g)ρ :=
e−ρt
f (x, t)g(x, t) dx dt.
0

Ω

We use the notation V := H 1 (Ω), V 0 for its dual space, and h·, ·i for the
duality product between V 0 and V . We introduce the standard space
W (0, T ) := {u ∈ L2 (0, T ; V ) ∂t u ∈ L2 (0, T ; V 0 )}.
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It is well known, that this space is continuously embedded into C([0, T ];L2 (Ω)).
By h·, ·iΩT we will denote the duality pairing between L2 (0, T ; V ∗ ) and L2 (0, T ;
V ). In the following we will use the positive and negative part v + := max{v, 0}
∈ L2 (0, T ; V ) and v − := (−v)+ ∈ L2 (0, T ; V ), respectively, for v ∈ L2 (0, T ; V ).
We will require the following result:
Lemma 1.1 For v ∈ W (0, T ) we have v + , v − ∈ L2 (0, T ; V ), and the following
integration by parts formula holds
Z T
1
1
(1)
h∂t v, v − i dt = − kv − (T )k2 + kv − (0)k2 .
2
2
0
Proof Since v ∈ L2 (0, T ; V ), it holds v(t) ∈ V for a.e. in (0, T ). The lemma of
Stampacchia implies then v − (t) ∈ V a.e. in (0, T ) and there holds
kv − kL2 (0,T ;V ) ≤ kvkL2 (0,T ;V ) .
The same arguments hold for v + . Note that in general ∂t v − 6∈ L2 (0, T ; V ∗ ),
and therefore v − 6∈ W (0, T ), but the formula (1) is shown by Wachsmuth [29].
The admissible set of controls is defined by
Qad := {q ∈ L∞ (ΩT ) : 0 ≤ q ≤ qmax } .
2 Optimal control problem and existence of a global solution
The optimization problem under consideration is formulated as:
α
Minimize J(u, q) = (r − u, q)ρ − (u(T ), λ) + kqk2ΩT
2
for u ∈ W (0, T ) and q ∈ Qad and subject to the PDE constraint

(2)

∀φ ∈ L2 (0, T ; V ).
(3)
In order to show existence of solutions of the initial value problem (3) for a
given control q, we first analyze an auxiliary problem with modified zero-order
terms.
h∂t u, φiΩT +(∇u, ∇φ)ΩT +(u(u+q−a), φ)ΩT = (u0 , φ(0))

2.1 An auxiliary state equation
Since the nonlinearity u(u−a) is non-monotone, we replace it by the monotone
expression of type γ|u|u with a non-negative function γ ∈ C 1 ([0, T ]). The
resulting equation reads for q ∈ Qad and a non-negative initial value v0 ∈
L∞ (Ω)
∂t v − ∆v + γ|v|v + qv = 0 in ΩT ,
∇v · n = 0

on Σ,

(4)

v(0) = v0 in Ω.
For this semilinear parabolic equation with a monotone nonlinearity the following theorem holds.
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Theorem 2.1 The equation (4) has a unique global solution v ∈ W (0, T ) ∩
L∞ (ΩT ). This solution is non-negative almost everywhere in ΩT . Moreover,
the following stability property holds:
kvkW (0,T ) + kvkL∞ (ΩT ) ≤ Ckv0 kL∞ (Ω)
with a constant C independent of γ, q, and v0 .
Proof (a) The equation (4) can be cast into the general setting of Raymond
and Zidani [24]. In particular, the derivative of the reaction term with respect
to the state is of the form
∂v (γ|v|v + qv) = 2γ|v| + q ≥ 0

a.e. in (0, T ) × Ω.

According to [24] existence and uniqueness of the solution v ∈ W (0, T ) ∩
L∞ (ΩT ) is ensured and the stability estimate holds.
(b) This solution remains non-negative: This can be seen easily by splitting v
in its positive and negative part:
v := v + − v − ,
with v + , v − ∈ L2 (0, T ; V ) ∩ C([0, T ]; L2 (Ω)), and v + , v − ≥ 0. We now take
the particular test function φ := v − and obtain:
h∂t v, v − iΩT + (∇(v + − v − ), ∇v − )ΩT
+ (γ(v + + v − )(v + − v − ), v − )ΩT + (q(v + − v − ), v − )ΩT = 0 .
By (v + , v − )ΩT = (∇v + , ∇v − )ΩT = 0 and Lemma 1.1 we obtain
Z T

kv − (T )k2 = kv − (0)k2 − 2
k∇v − k2 + γkv − k3L3 (Ω) + kq 1/2 v − k2 dt
0
−

2

≤ kv (0)k .
The non-negativity of v0 implies v − (0) ≡ 0 and therefore v − (T ) ≡ 0. The
same argument ensures v − (t) = 0 for all t ∈ [0, T ].

2.2 Global existence of non-negative solutions for the state equation
In this section we discuss the existence of a unique non-negative solution of
the state equation (3).
Theorem 2.2 Let q ∈ Qad and u0 ∈ L∞ (Ω) with u0 ≥ 0 almost everywhere
in Ω. Then, the state equation (3) has a unique non-negative solution u ∈
W (0, T ) ∩ L∞ (ΩT ). It fulfills:
kukW (0,T ) + kukL∞ (ΩT ) ≤ CeaT ku0 kL∞ (Ω)
with a constant C independent of u0 , q, and a.
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Proof Let v be the unique solution of the auxiliary equation (4) with γ(t) = eat
and v0 = u0 . We set u := γv. Due to v ≥ 0 and γ ≥ 0 it also holds u ≥ 0. We
obtain (to be interpreted in the standard variational formulation):
∂t u − ∆u + u2 − au + qu = γ∂t v + aγv − γ∆v + γ 2 v 2 + (q − a)γv

= γ ∂t v − ∆v + γv 2 + qv
= γ (∂t v − ∆v + γ|v|v + qv)
= 0.
Therefore, this u solves (3). On the other hand, each non-negative solution u
of (3) is also a solution of (4), due to u2 = |u|u. By the uniqueness of solutions
of (4) we deduce the uniqueness of a non-negative solution of (3). The stability
estimate for u follows from the corresponding estimate for v in Theorem 2.1.
2.3 Existence of global minima
The existence of a unique non-negative solution (Theorem 2.2) allows us to
define the control-to-state operator
S : Qad → W (0, T ) ∩ L∞ (ΩT ),

q 7→ S(q) = u ,

such that u = S(q) is the non-negative solution of (3). We consider further
the reduced cost functional
j : Qad → R,

q 7→ J(q, S(q)) .

(5)

Hence, the optimal control problem can be formulated as
min j(q).

(6)

q∈Qad

Theorem 2.3 There exists a solution (q̄, ū) ∈ Qad × (W (0, T ) ∩ L∞ (ΩT )) of
the optimization problem (6).
Proof Step 1: First of all we check that j is bounded from below on Qad . For
a given q ∈ Qad let u = S(q) be the solution of state equation. There holds:
Z T
Z
j(q) ≥
e−ρt
q(r − u)dxdt − λku(T )kL1 (Ω) .
0

Ω

1

The L -term can be estimated using Theorem 2.2:
λku(T )kL1 (Ω) ≤ λ|Ω|ku(T )kL∞ (Ω) ≤ λ|Ω|eaT ku0 kL∞ (Ω) ≤ c1 ,
with a constant c1 independent of q.
To estimate the first term in the cost function we use the that qr ≥ 0,
qu ≥ 0, and e−ρt ≤ 1. We obtain:
Z T
Z
Z TZ
e−ρt
q(r − u)dxdt ≥ −
qu dxdt = −(qu, 1)ΩT .
0

Ω

0

Ω
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Setting φ = 1 in (3) we obtain
−(qu, 1)ΩT = h∂t u, 1iΩT + (∇u, ∇1)ΩT + (u(u − a), 1)ΩT − (u0 , 1)
= ku(T )kL1 (Ω) − 2ku0 kL1 (Ω) + kuk2L2 (ΩT ) − akukL1 (ΩT )
≥ −2ku0 kL1 (Ω) − ckukL∞ (ΩT ) ≥ −cku0 kL∞ (Ω) ≥ −c2
with a constant c2 independent on q. This gives the desired bound for j(q).
Step 2: The admissible set Qad is not empty. Therefore there exists a minimizing sequence (qn )n∈N ⊂ Qad , i.e.
lim j(qn ) = inf j(q).

n→∞

q∈Qad

Since Qad is a bounded subset of L2 (ΩT ), there is a weakly convergent subsequence (also denoted by (qn )n∈N ) with qn * q̄ in L2 (ΩT ). Since Qad is closed
and convex we obtain q̄ ∈ Qad .
Step 3: We consider the sequence (un )n∈N with un = S(qn ), i.e. there holds
h∂t un , φiΩT + (∇un , ∇φ)ΩT + (un (un + qn − a), φ)ΩT = (u0 , φ(0))

(7)

for all φ ∈ L2 (0, T ; V ). By Theorem 2.2 we obtain
kun kW (0,T ) + kun kL∞ (ΩT ) ≤ c.
Thus, there exist ū ∈ W (0, T ) and a subsequence with un * ū in W (0, T ).
We shall prove that ū = S(q̄). To this end we have to go to the limit in (7).
By the weak convergence in W (0, T ) we directly obtain
h∂t un , φiΩT + (∇un , ∇φ)ΩT − a(un , φ)ΩT
→ h∂t ū, φiΩT + (∇ū, ∇φ)ΩT − a(ū, φ)ΩT .
It remains to show convergence for (qn un , φ) and (u2n , φ). By the Aubin-Lions
lemma, see, e.g., Simon [26], there is a subsequence of (un ) with un → ū
strongly in L2 (ΩT ). There holds:
(qn un − q̄ū, φ)ΩT = (qn − q̄, ūφ)ΩT + (qn (un − ū), φ)ΩT .
The first term converges by the weak convergence of qn in L2 (ΩT ) since ūφ ∈
L2 (ΩT ). For the second term we have
(qn (un − ū), φ)ΩT ≤ kqn kL∞ (ΩT ) kun − ūkL2 (ΩT ) kφkL2 (ΩT ) → 0
by the boundedness of qn and the strong convergence of un in L2 (ΩT ). The
term (u2n , φ) is treated by the same argument. Thus, we obtain ū = S(q̄).
Step 4: By the same argument as before we obtain
(r − un , qn )ρ → (r − ū, q̄)ρ .
Due to the continuity of the trace operator from W (0, T ) to L2 (Ω) mapping
v 7→ v(T ) we have un (T ) * ū(T ) in L2 (Ω) and therefore
(un (T ), λ) → (ū(T ), λ).
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Thus, we obtain
lim inf j(qn ) = lim inf J(qn , un )
n→∞

n→∞

α
lim inf kqn k2L2 (ΩT )
2 n→∞
α
≥ (r − ū, q̄)ρ − (ū(T ), λ) + kq̄k2L2 (ΩT )
2
= j(q̄),
= (r − ū, q̄)ρ − (ū(T ), λ) +

where we have used the (sequential) lower semicontinuity of k·k2L2 (ΩT ) . Using (7) and the fact that q̄ ∈ Qad we obtain
j(q̄) = inf j(q),
q∈Qad

which completes the proof.
Due to the nonlinearity of the solution operator S, the reduced functional j
is not necessarily convex. As a consequence, we will not obtain uniqueness of
optimal solutions. However, the first and second order optimality conditions
will be useful for a criteria of locally optimal solutions q̄. Such solutions are
characterized by the property that
j(q̄) ≤ j(q) ∀q ∈ Qad with kq − q̄kL2 (ΩT ) ≤ ε
for a certain positive ε > 0.
3 Derivation of the first order necessary optimality conditions
In the following we derive equations for the first directional derivatives of the
solution operator and prove Lipschitz continuity properties.
3.1 Stability estimates for general linear parabolic equations
We will first consider an auxiliary (linear) parabolic equation:
∂t y − ∆y + gy = f
∇y · n = 0
y(0) = y0

in ΩT ,
on Σ,

(8)

in Ω

with a given (not necessary positive) g ∈ L∞ (ΩT ).
Theorem 3.1 Let g ∈ L∞ (ΩT ) with g(t, x) ≥ −b almost everywhere for some
b ≥ 0.
(a) For f ∈ L2 (0, T ; V 0 ) and y0 ∈ L2 (Ω) there is a unique solution y ∈ W (0, T )
of (8) and the following estimate holds:

kykW (0,T ) ≤ C kf kL2 (0,T ;V 0 ) + ky0 kL2 (Ω) .
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(b) For f ∈ L2 (ΩT ) and y0 ∈ V there is a unique solution y ∈ C([0, T ]; V )
of (8) and the following estimate holds:

kykC([0,T ];V ) ≤ C kf kL2 (ΩT ) + ky0 kV .
The constant C behaves like eaT .
Proof The proof is standard after transformation ỹ = eat y, cf., e.g., Evans [10].
Corollary 3.2 Let g ∈ L∞ (ΩT ) with g(t, x) ≥ −a almost everywhere for
some a ≥ 0.
(a) Let f be of the form f = f1 f2 with f1 ∈ L2 (ΩT ) and f2 ∈ L∞ (0, T ; L3 (Ω))
and y0 = 0. Then it holds for the solution y of (8)
kykW (0;T ) ≤ Ckf1 kL2 (ΩT ) kf2 kL∞ (0,T ;L3 (Ω)) .
(b) Let f be of the form f = f1 f2 with f1 ∈ L2 (ΩT ) and f2 ∈ L2 (0, T ; L3 (Ω))
and y0 = 0. Then it holds for the solution y of (8)
kykL2 (ΩT ) + ky(T )kV 0 ≤ Ckf1 kL2 (ΩT ) kf2 kL2 (0,T ;L3 (Ω)) .
Proof To prove (a), it is enough to show that f1 f2 ∈ L2 (0, T ; V 0 ). For an
arbitrary ψ ∈ L2 (0, T ; V ) there holds by Hölder inequality
Z T
(f1 f2 , ψ)ΩT =
(f1 (t)f2 (t), ψ(t)) dt
0
T

Z
≤

kf1 (t)kL2 (Ω) kf2 (t)kL3 (Ω) kψ(t)kL6 (Ω)
0

≤ kf2 kL∞ (0,T ;L3 (Ω)) kf1 kL2 (ΩT ) kψkL2 (0,T ;L6 (Ω))
≤ Ckf2 kL∞ (0,T ;L3 (Ω)) kf1 kL2 (ΩT ) kψkL2 (0,T ;V ) ,
where we have used the Sobolev embedding V ,→ L6 (Ω).
Now we prove (b) by a duality argument. To estimate kykL2 (ΩT ) we consider the adjoint problem
−∂t z − ∆z + gz = y

in ΩT ,

∇z · n = 0

on Σ,

z(T ) = 0

in Ω.

By duality and Hölder inequality we know
Z T
kyk2L2 (ΩT ) = (f, z)ΩT =
(f1 (t)f2 (t), z(t)) dt
0

Z
≤

T

kf1 (t)kL2 (Ω) kf2 (t)kL3 (Ω) kz(t)kL6 (Ω) dt
0

≤ kzkL∞ (0,T ;L6 (Ω)) kf1 kL2 (ΩT ) kf2 kL2 (0,T ;L3 (Ω))
≤ CkzkL∞ (0,T ;V ) kf1 kL2 (ΩT ) kf2 kL2 (0,T ;L3 (Ω)) ,
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where we have used again the Sobolev embedding V ,→ L6 (Ω). By the estimate
(b) from Proposition 3.1 we have kz(t)kL∞ (0,T ;V ) ≤ ckykL2 (ΩT ) , which leads
to the desired estimate.
To estimate ky(T )kV 0 we consider another adjoint problem
−∂t z̃ − ∆z̃ + gz̃ = 0

in ΩT ,

∇z̃ · n = 0

on Σ,

z̃(T ) = ψ

in Ω.

for a given ψ ∈ V . Then similar arguments as before lead to
Z
(y(T ), ψ) =

T

(f1 (t)f2 (t), z̃(t)) dt
0

≤ kz̃kL∞ (0,T ;V ) kf1 kL2 (ΩT ) kf2 kL2 (0,T ;L3 (Ω))
≤ Ckf1 kL2 (ΩT ) kf2 kL2 (0,T ;L3 (Ω)) kψkV ,
which completes the proof.

3.2 Lipschitz continuity of the solution operator
In the following lemma we prove Lipschitz continuity of the solution operator
S with respect to the L2 (ΩT ) norm.
Lemma 3.3 Let q ∈ Qad , qδ ∈ L∞ (ΩT ) such that q + qδ ∈ Qad , u := S(q)
and uδ := S(q + qδ ). Then there holds the upper bound
ku − uδ kL∞ (0,T ;V ) ≤ Ckqδ kL2 (ΩT ) .
Proof The difference w := u − uδ satisfies the parabolic equation
∂t w − ∆w + w(q − a + (u + uδ )) = uδ qδ

in ΩT ,

∇w · n = 0

on Σ,

w(0) = 0

in Ω.

Theorem 3.1 (b) and the fact that q − a + u + uδ ∈ L∞ (ΩT ) yields the bound
kwkL∞ (0,T ;V ) ≤ Ckuδ qδ kL2 (ΩT )
≤ Ckuδ kL∞ (ΩT ) kqδ kL2 (ΩT ) .
Since uδ is bounded in L∞ (ΩT ) by Theorem 2.2 independently of qδ we obtain
the assertion.
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3.3 First derivatives of the solution operator
The next lemma discusses the properties of the directional derivatives of the
solution operator S.
Lemma 3.4 Let q ∈ Qad , u = S(q), p ∈ L∞ (ΩT ) such that q + p ∈ Qad
for sufficiently small  > 0. Then the directional derivative vp := S 0 (q)(p) ∈
L∞ (0, T ; V ) of the solution operator is given as the solution of
∂t vp − ∆vp + vp (2u + q − a) = −up in ΩT
∇vp · n = 0

on Σ

vp (0) = 0

in Ω.

Furthermore, it holds
kvp kL∞ (0,T ;V ) ≤ ckpkL2 (ΩT ) .
Proof The proof uses standard arguments for the difference quotient. The
estimate follows by Proposition 3.1 (b) and the fact that u is bounded in
L∞ (ΩT ) by Theorem 2.2.
In the next lemma we prove the Lipschitz continuity of S 0 with respect to
the L2 (ΩT ) norm.
Lemma 3.5 Let q ∈ Qad , qδ ∈ L∞ (ΩT ) such that q +qδ ∈ Qad , u := S(q) and
uδ := S(q + qδ ). Let moreover p ∈ L∞ (ΩT ) such that q + p, q + qδ + p ∈ Qad
for sufficiently small  > 0. Then there holds for the the difference between
vp := S 0 (q)(p) and vp,δ := S 0 (q + qδ )(p):
kvp − vp,δ kW (0,T ) ≤ ckqδ kL2 (ΩT ) kpkL2 (ΩT ) .
Proof The difference w := vp − vp,δ satisfies the equation
∂t w − ∆w + w(2u + q − a) = vp,δ (2(uδ − u) + qδ ) + (uδ − u)p

in ΩT ,

∇w · n = 0

on Σ,

w(0) = 0

in Ω.

We apply Corollary 3.2 (a) and obtain

kwkW (0,T ) ≤ c kvp,δ kL∞ (0,T ;L3 (Ω)) kuδ − ukL2 (ΩT )
+kvp,δ kL∞ (0,T ;L3 (Ω)) kqδ kL2 (ΩT )

+kuδ − ukL∞ (0,T ;L3 (Ω)) kpkL2 (ΩT ) .
We discuss the second term on the right-hand side. Other terms can be estimated in a similar way. There holds
kvp,δ kL∞ (0,T ;L3 (Ω)) kqδ kL2 (ΩT ) ≤ kvp,δ kL∞ (0,T ;V ) kqδ kL2 (ΩT )
≤ ckpkL2 (ΩT ) kqδ kL2 (ΩT ) ,
where we have used the embedding V ,→ L3 (Ω) and Lemma 3.4. This completes the proof.
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3.4 First order necessary optimality conditions
A necessary optimality condition for a locally optimal solution q̄ ∈ Qad can
be formulated in terms of the reduced cost functional j defined in (5). Thus,
the necessary optimality condition reads
j 0 (q̄)(q − q̄) ≥ 0

∀q ∈ Qad .

(9)

The directional derivatives of j can be represented using an adjoint equation.
Lemma 3.6 Let q ∈ Qad , u = S(q), p ∈ L∞ (ΩT ) such that q + p ∈ Qad for
sufficiently small  > 0. Then the directional derivatives of the reduced cost
functional j is given as
j 0 (q)(p) = (r − u, p)ρ + (αq − uz, p)ΩT ,
where z ∈ C([0, T ]; V ) is the solution of the adjoint equation
−∂t z − ∆z + (2u + q − a)z = −e−ρt q
∇z · n = 0
z(T ) = −λ

in ΩT ,
on Σ,

(10)

in Ω.

Proof First we observe that this adjoint equation possesses a unique solution
z ∈ C([0, T ]; V ) by Proposition 3.1 (b). By the chain rule the derivative of j
is given by
j 0 (q)(p) = Jq0 (q, u)(p) + Ju0 (q, u)(vp ),
where vp = S 0 (q)(p) is given as in Lemma 3.4. The first term is directly given
as
Jq0 (q, u)(p) = (r − u, p)ρ + (αq, p)ΩT .
The second term can be expressed by duality between the adjoint equation for
z and the linearized equation for vp (see Lemma 3.4) as
Ju0 (q, u)(vp ) = −(vp , q)ρ − (vp (T ), λ) = −(uz, p)ΩT ,
cf., e.g., [1] for details. This completes the proof.
This representation allows to reformulate the optimality condition (9) as
the optimality system (KKT system).
Theorem 3.7 Let q̄ ∈ Qad be a locally optimal control and ū = S(q̄) be the
corresponding state. Then, there exists and adjoint state z̄ ∈ C([0, T ]; V ), such
that the triple (q̄, ū, z̄) satisfies the following system consisting of the state
equation
∂t ū − ∆ū + ū(ū − a) + q̄ū = 0
in ΩT ,
∇ū · n = 0
ū(0) = u0

on Σ,
in Ω,
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the adjoint equation
−∂t z̄ − ∆z̄ + (2ū + q̄ − a)z̄ = −e−ρt q̄
∇z̄ · n = 0
z̄(T ) = −λ

in ΩT ,
on Σ,
in Ω,

and the variational inequality
(r − ū, q − q̄)ρ + (αq̄ − ūz̄, q − q̄)ΩT ≥ 0

∀q ∈ Qad .

Proof The statement follows directly from the optimality condition (9) and
the representation in Lemma 3.6.
The variation inequality in the previous theorem can be expressed using the
pointwise projection operator PQad given as
PQad (v)(t, x) = P[0,qmax ] (v(t, x)),
with P[0,qmax ] : R → R defined as
P[0,qmax ] (s) = max(0, min(s, qmax )).
Corollary 3.8 Under the conditions of Theorem 3.7 there holds

q̄ = PQad



1
−ρt
ūz̄ + e (ū − r) .
α

Remark 3.1 The above projection formula allows to prove higher regularity
of the optimal control q̄. Under an additional assumption u0 ∈ V ∩ C(Ω̄) is
it straightforward to prove that ū, z̄ ∈ C([0, T ]; V ) ∩ C(I¯ × Ω̄). This results
in ūz̄ ∈ C([0, T ]; V ) ∩ C(I¯ × Ω̄) and therefore q̄ ∈ C([0, T ]; V ) ∩ C(I¯ × Ω̄).
Under further assumptions on the domain Ω it is possible to prove even higher
regularity of q̄.

4 Derivation of the second order optimality condition
Using standard arguments, cf., e.g., [27], one can show, that the solution operator S : Qad → W (0, T ) ∩ L∞ (ΩT ) is two times Frechet differentiable with
respect to the L∞ (ΩT ) topology in Qad . However, to obtain second order optimality conditions without a so called two-norm discrepancy, it will be important to prove some Lipschitz continuity properties for the second derivatives
of the solution operator with respect to the L2 (ΩT ) norm.
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4.1 Second derivatives of the solution operator
The next lemma discusses the properties of the second order directional derivatives S 00 (q)(p, p) of the solution operator.
Lemma 4.1 Let q ∈ Qad , u = S(q), p ∈ L∞ (ΩT ) such that q + p ∈ Qad for
sufficiently small  > 0 and vp = S 0 (q)(p). Then the second order directional
derivative vpp := S 00 (q)(p, p) ∈ W (0, T ) of the solution operator is given as the
solution of
∂t vpp − ∆vpp + (2u + q − a)vpp = −2vp (vp + p) in ΩT
∇vpp · n = 0

on Σ

vpp (0) = 0

in Ω.

Furthermore, it holds
kvpp kW (0,T ) ≤ ckpk2L2 (ΩT ) .
Proof The equation for the vpp is derived by standard arguments, cf., e.g., [27].
For the desired estimate we use Corollary 3.2 (a) and obtain

kvpp kW (0,T ) ≤ ckvp kL∞ (0,T ;L3 (Ω)) kvp kL2 (ΩT ) + kpkL2 (ΩT )

≤ ckvp kL∞ (0,T ;V ) kvp kL2 (ΩT ) + kpkL2 (ΩT )
≤ ckpk2L2 (ΩT ) ,
where we have used the embedding V ,→ L3 (Ω) and Lemma 3.4. This completes the proof.
In the next lemma we prove the Lipschitz continuity of S 00 with respect to
the L2 (ΩT ) norm.
Lemma 4.2 Let q ∈ Qad , qδ ∈ L∞ (ΩT ) such that q +qδ ∈ Qad , u := S(q) and
uδ := S(q + qδ ). Let moreover p ∈ L∞ (ΩT ) such that q + p, q + qδ + p ∈ Qad
for sufficiently small  > 0. Then there holds for the the difference between
vpp := S 00 (q)(p, p) and vpp,δ := S 00 (q + qδ )(p, p):
kvpp − vpp,δ kL2 (ΩT ) + kvpp (T ) − vpp,δ (T )kV 0 ≤ ckqδ kL2 (ΩT ) kpk2L2 (ΩT ) .
Proof The difference w = vpp − vpp,δ fulfills the equation
∂t w − ∆w + w(2u + q − a) = g

in ΩT

∂n w = 0

on Σ

w|t=0 = 0

in Ω

with
g = vpp,δ (2(uδ − u) + qδ ) − 2(vp − vp,δ )(vp + vp,δ + p).
We proceed using Corollary 3.2 (b) and obtain
kwkL2 (ΩT ) + kw(T )kV 0 ≤ J1 + J2
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with
J1 = Ckvpp,δ kL2 (0,T ;L3 (Ω)) kuδ − ukL2 (ΩT ) + kqδ kL2 (ΩT )



and

J2 = Ckvp − vp,δ kL2 (0,T ;L3 (Ω)) kvp + vp,δ kL2 (ΩT ) + kpkL2 (ΩT ) .
Using the embedding W (0, T ) ,→ L2 (0, T ; L3 (Ω)), Lemma 4.1 and Lemma 3.3
we obtain
J1 ≤ Ckpk2L2 (ΩT ) kqδ kL2 (ΩT ) .
The term J2 is estimated similarly using Lemma 3.5 and Lemma 3.4. This
completes the proof.
4.2 Second derivatives of the cost functional
By the Frechet differentiability of the solution operator, the reduced cost functional j is two times Frechet differentiable with respect to the L∞ (ΩT ) norm.
However, coercivity of j 00 can be expected only with respect to the L2 (ΩT )
norm. In order to avoid two norm discrepancy (see, e.g., [27]), we require the
following Lipschitz continuity result with respect to the L2 (ΩT ) norm, cf. [19]
for a similar procedure.
Lemma 4.3 There exists a constant c > 0 such that
|j 00 (q)(p, p) − j 00 (q + qδ )(p, p)| ≤ ckqδ kL2 (ΩT ) kpk2L2 (ΩT )
for all q, q + qδ ∈ Qad and all p ∈ L∞ (ΩT ) with q + p, q + qδ + p ∈ Qad for
sufficiently small  > 0.
Proof We will use the following notation (cf. Lemma 3.5 and Lemma 4.2):
vp := S 0 (q)(p),

vp,δ := S 0 (q + qδ )(p)

and
vpp := S 00 (q)(p, p),
There holds by the chain rule

vpp,δ := S 00 (q + qδ )(pp).

j 00 (q)(p, p) = −2(vp , p)ρ − (vpp , q)ρ − (vpp (T ), λ) + αkpk2L2 (ΩT ) .
Subtracting the corresponding expression for j 00 (q + qδ )(p, p) we obtain
j 00 (q)(p, p) − j 00 (q + qδ )(p, p) = −2(vp − vp,δ , p)ρ + (vpp,δ , δq)ρ
− (vpp − vpp,δ , q)ρ − (vpp (T ) − vpp,δ (T ), λ).
This difference can be estimated as follows
|j 00 (q)(p, p) − j 00 (q + qδ )(p, p)| ≤ ckvp − vp,δ kL2 (ΩT ) kpkL2 (ΩT )
+ckvpp,δ kL2 (ΩT ) kδqkL2 (ΩT )
+ckvpp − vpp,δ kL2 (ΩT ) kqkL2 (ΩT )
+ckvpp (T ) − vpp,δ (T )kV 0 .
The first term on the right-hand side is estimated by Lemma 3.5, the second
one by Lemma 4.1 and last two term by Lemma 4.2. This completes the proof.
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4.3 Second order optimality condition
Now we stay the second order sufficient optimality condition
Definition 4.4 (2nd OOC) A control q̄ ∈ Qad satisfies the second order
sufficient optimality condition, if it fulfills the first order condition (9) and
there exists γ > 0 such that
j 00 (q̄)(p, p) ≥ γkpk2L2 (ΩT )

for all p ∈ L2 (ΩT ).

(11)

Remark 4.1 For all that follows the condition (11) can be replaced by
j 00 (q̄)(p, p) ≥ γkpk2L2 (ΩT )

for all p ∈ Cq̄ ,

where the cone Cq̄ is defined by




≥ 0 if q̄(t, x) = 0

Cq̄ = p ∈ L2 (ΩT ) p(t, x) ≤ 0 if q̄(t, x) = qmax




= 0 if d(t, x) 6= 0

(12)







with d = ūz̄ + e−ρt (ū − r), cf., e. g., [7].
Remark 4.2 For a locally optimal control q̄ ∈ Qad one can show the following
necessary optimality condition
j 00 (q̄)(p, p) ≥ 0

for all p ∈ Cq̄ .

Moreover, the sufficient optimality condition (12) can be shown (again with
techniques from [7]) to be equivalent to
j 00 (q̄)(p, p) > 0

for all p ∈ Cq̄ \ {0}.

This makes the gap between the necessary and the sufficient condition minimal.
Lemma 4.5 Let q̄ ∈ Qad fulfill the condition (11). Then there exists  > 0
such that
γ
j 00 (q)(p, p) ≥ kpk2L2 (ΩT )
2
for all q ∈ Qad with kq − q̄kL2 (ΩT ) <  and all p ∈ L2 (ΩT ).
Proof The result follows from Lemma 4.3 directly by
j 00 (q)(p, p) = j 00 (q̄)(p, p) + j 00 (q)(p, p) − j 00 (q̄)(p, p)
≥ γkpk2L2 (ΩT ) − ckq − q̄kL2 (ΩT ) kpk2L2 (ΩT )
≥ (γ − c)kpk2L2 (ΩT )
if choosing  =

γ
2c .
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Theorem 4.6 Let q̄ ∈ Qad fulfill the second order optimality condition (2nd
OOC), then there exist , σ > 0 such that
j(q) ≥ j(q̄) + σkq − q̄k2L2 (ΩT )
for all q ∈ Qad with kq − q̄kL2 (ΩT ) < . In particular, q̄ is a strict local
minimizer in the L2 (ΩT ) sense.
Proof The standard proof uses the Taylor expansion
1
j(q) = j(q̄) + j 0 (q̄)(q − q̄) + j 00 (qξ )(q − q̄, q − q̄),
2
with qξ = ξq + (1 − ξ)q̄ ∈ Qad for some 0 ≤ ξ ≤ 1, the first order condition (9)
and Lemma 4.5.

5 Numerical results
5.1 Finite element discretization
As discretization we use a triangulation of the two-dimensional domain Ω =
(0, 1)2 (unit square) into quadrilaterals. The state u is approximated by standard Q1 finite elements, i.e. continuous and piecewise bilinear functions. The
control q is discretized as cell-wise constants, i.e. by P0 finite elements on the
same mesh. Due to the absence of advective terms, additional stabilization
terms are not necessary.
The optimization system is solved by a semi-smooth Newton method, see
[13, 28].

5.2 Stationary problem
The first example is a stationary problem. The function describing the fuel
costs r is chosen as the Euklidian distance to the origin (harbour), r(x) = kxk.
The maximal control is set to qmax = 1. The elliptic diffusion term ∆u is
weighted by a parameter (diffusion constant)  > 0. We consider the change
of the optimal control in dependence of this parameter  ∈ {1, 0.1, 0.05}. Due
to the occurrence of sharp interior layers, we use adaptive meshes. The L2 regularization parameter α is chosen as the minimal mesh size, α = hmin .
Figure 1 shows the corresponding optimal controls q̄. We observe that
for the diffusion dominate case,  = 1, bang-bang control is obtained: Up
to a certain distance to the origin the optimal control is q̄ = qmax . Beyond
this critical distance, the optimal control is identical zero. Such a control can
officially be regulated by putting a Marine Protection Area (MPA) on that
region. For smaller diffusion coefficients,  = 0.1 and  = 0.05, a further
intermediate regime is forming between q̄ = qmax and q̄ = 0. In this regime
the control is nearly a linearly decreasing function of the distance kxk until
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Fig. 1 Stationary solution for different values of diffusivity,  = 1 (left),  = 0.1 (middle)
and  = 0.05 (right). The high and the color represent the optimal control q̄.

a certain threshold. Beyond the optimal control suddenly decreases to zero.
In the intermediate region, the official regulation can be carried out by total
allowable catches (TAC’s). Hence, we arrive at a combination of TAC’s and
MPA’s.
5.3 Time-dependent problem
The second example is time-depending with time horizon T = 4. The growth
rate of the fish is chosen larger in vicinity of the point x0 = (0.3, 0.4): a(x) = 1,
if x ∈ Ωrep := {x ∈ Ω : kx − x0 k < 0.2}, and a(x) = 0.1 for x ∈ Ω \ Ωrep .
Such a situation may describe a heterogeneous distribution of food for the
fish population. The initial state is given as u0 = 0.7 uniformly in space, the
sustainability constant is λ = 1.4, interest rate is ρ = 0, the L2 regularization
parameter α = 10−5 , and the parameter to describe the transport costs is
r(x) = 0.01kxk.
The obtained temporal evolution is depicted in Figure 2. The first row
shows the optimal control. At initial time (left hand side), the fishing / control
is active at its maximal capacity (u = 1) in almost the entire region (red
area), except a small circular region (blue area). This is reasonable, because
the initial fish stock is relatively large but the reproduction rate in that blue
area is important for further fish catches at later time. For subsequent times
(left to right) the region of active fishing shrinks due to reduced bio mass
and probably also as a consequence of the sustainability part in the target
functional. The fishing costs are too large for large distances from the lower
left corner. The corresponding state (bio mass) is shown in the second row.
The largest amount of fish is obviously located close to the reproduction area
Ωrep . Finally, looking at the the adjoint variable (shadow price) in the third
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Fig. 2 Optimal control q̄ (upper row), corresponding state ū = S(q̄) (middle row) and
adjoint state z ∗ (lower row) in dependence of time t ∈ {0.4, 1.2, 1.4, 1.8} (columns) for the
time-dependent test problem.

row, one can observe that the most negative shadow price is located close to
the reproduction area Ωrep .
Let us shortly discuss how a fishery policy may enforce the fishermen to
reach this optimal strategy. A No-Take-Zone (NTZ) should be located in the
reproduction area Ωrep . This finding is consistent with the simple two-patch
sink-source model of Sanchirico and Wilen [25] who find that it is preferable to
close the source (the reproduction area in our continuous-space model) rather
than the sink (the rest of the area in our model) for fishing. In the fare field,
a second NTZ could be useful, but the high costs of distance tend to render
fishing less profitable in these regions anyway. However, the optimal strategy
requires dynamic NTZs, because the blue areas in the first row (the optimal control ū(x, t)) in Figure 2 are not constant in time. This is in line with
proposals for “real time closures” that have been made for fisheries management in Europe and elsewhere.More generally, the optimal management would
be to set spatio-temporally differentiated catch restrictions. While recent advancements of monitoring devices (using camera systems and satellite-based
location control) are going into a direction that may eventually render such
complex management approaches feasible, current management is restricted
to one overall total allowable catch, combined with – sometimes dynamic –
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no-take areas. Characterizing optimal fishery management under such restrictions, and taking the incentive-compatibility restrictions for fishermen into
account, leads to a bi-level control problem with PDEs. This will be subject
of further research.
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