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A PRIORI ERROR ESTIMATES FOR THREE DIMENSIONAL
PARABOLIC OPTIMAL CONTROL PROBLEMS WITH POINTWISE
CONTROL*
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Abstract. In this paper we provide an a priori error analysis for parabolic optimal control
problems with a pointwise (Dirac-type) control in space on three-dimensional domains. The two-
dimensional case was treated in [D. Leykekhman and B. Vexler, STAM J. Numer. Anal., 51 (2013),
pp. 2797-2821]; however, the three-dimensional case is technically much more involved. To approxi-
mate the problem we use standard continuous piecewise linear elements in space and the piecewise
constant discontinuous Galerkin method in time. Despite low regularity of the state equation, we
establish O(vk 4 h) order of convergence rate for the control in the L2 norm. This result improves
almost twice the previously known estimate in [W. Gong, M. Hinze, and Z. Zhou, SIAM J. Control
Optim., 52 (2014), pp. 97-119] and in addition does not require any relationship between the time
step k and the mesh size h. The main technical tools are discrete maximal parabolic regularity results
and the best approximation-type estimate for the finite element error in the L>°(Q; L2(I)) norm.
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1. Introduction. In this paper we provide numerical analysis for the following
optimal control problem:

. 1 (T N a [T
(1) minJ(g.w)i= 5 [ ) = GOyt + 5 [ la0)Pds
q,u 2 0 2 0
subject to the second order parabolic equation
(1.2a) ue(t, x) — Au(t, ) = q(t)dz, (x), (t,x) € I xQ,
(1.2b) u(t,z) =0, (t,z) € I x 09,
(1.2¢c) u(0,x) =0, x €,

and the pointwise control constraints
(1.3) o < q(t) < q, a.e.in .

Here I = (0,7) is the time interval, Q C R? is a convex polyhedral domain, z¢ € Q
fixed, and d,, is the Dirac delta function. The parameter « is assumed to be positive
and the desired state @ fulfills @ € L*(I; L3(2)). The control bounds ¢,,q € R U
{£oo} fulfill ¢, < g». The precise functional-analytic setting is discussed in the next
section. This setup is a model problem for pointwise control, where, for simplicity,
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we choose the heat equation as the state equation and consider the case of only one
point source. However, all our results extend directly to more general self-adjoint
elliptic operators with smooth coefficients (instead of —A) and I > 1 point sources
22:1 qi(t)05, on the right-hand side of (1.2).

There are several publications dealing with optimal control problems of this type,
starting with [34]. The main difficulty in the pointwise control problem is the low
regularity of the state variable. We refer to [3, 12, 16] for pointwise control of parabolic
equations and to [14, 39] for pointwise control of Burgers-type equations. Moreover,
pointwise control problems are strongly related to measure valued formulations of
parabolic sparse control problems; see [8, 9, 10, 11, 28].

For the discretization of the problem under consideration, we consider standard
continuous piecewise linear finite elements in space and the piecewise constant discon-
tinuous Galerkin method in time. This is a special case (r = 0, s = 1) of the so-called
c¢G(s)dG(r) discretization; see, e.g., [19] for analysis of the method for parabolic prob-
lems and, e.g., [37, 38] for error estimates in the context of optimal control problems.
The lowest order discontinuous Galerkin method dG(0) is a variation of the backward
Euler method, while higher order discontinuous Galerkin methods coincide with the
subdiagonal Padé method for homogeneous problems. Throughout, we will denote by
h the spatial mesh size and by k the time step; see section 3 for details.

Although numerical analysis for elliptic problems with rough right-hand sides was
considered in a number of papers [4, 6, 7, 18, 26, 29, 43], there are few papers that
consider parabolic problems with rough sources. We are only aware of the paper
[23], where L?(I; L?(2)) error estimates are considered. Based on the results of this
paper, suboptimal error estimates of order (’)(k% + h) for two-dimensional and of
order O(k= +h?2) for three-dimensional control problems with pointwise controls were
derived in [24]. In both results a restrictive assumption k = O(h?), with d being the
dimension d of the domain 2, is used. This assumption is not natural for the method,
especially in three space dimensions, since the dG(0) time discretization is a variation
of the backward Euler method and unconditionally stable. For the two-dimensional
problem, we improved this estimate in [30] to almost O(k + h?) up to a logarithmic
term and avoided any coupling between the discretization parameters k and h. The
proof in [30] was based on a novel best-approximation-type result with respect to the
L (; L(I)) norm and was restricted to the two-dimensional case.

In this paper we provide a corresponding best-approximation-type result with
respect to the L°(2; L%(I)) norm for a convex polyhedral domain Q@ C R3. To
avoid any coupling between k£ and h we use recently established discrete maximal
parabolic regularity results from [31]. Moreover, we exploit different regularity of the
state and the adjoint equations. It turns out that the error analysis for the adjoint
equation with respect to the L°°(£2; L?(I)) norm and for the state variable with respect
to the L2(I; L2 (£2)) norm leads to the best possible results for the optimal control
problem under consideration. This strategy allows us to prove the error estimate
for the optimal control ¢ and its discrete counterpart gy, of order (’)(k% + h) up
to a logarithmic term and without any coupling condition between k and h; see
Theorem 4.3 below. This improves the three-dimensional result from [24] almost
twice. The main technical tools in our analysis are global and interior pointwise
error estimates with respect to the L>°(2; L?(I)) norm (see Theorems 3.3 and 3.4,
respectively), that extend our findings from [30] from the two-dimensional to the
three-dimensional case. To our knowledge, these are the first pointwise in space fully
discrete best approximation results for three-dimensional parabolic problems; cf. also
a recent paper [33]. We refer to [20, 40] for two-dimensional pointwise error estimates.
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Throughout the paper we use the usual notation for the Lebesgue and Sobolev
spaces. We denote by (-,-)q the inner product in L?(Q2) and by (-,-)sxq with some
subinterval J C I the inner product in L?(J; L*(Q2)).

The rest of the paper is organized as follows. In section 2 we discuss the functional
analytic setting of the optimal control problem, state the optimality conditions, and
provide precise regularity results for the optimal control, the optimal state, and the
adjoint state. In section 3 we discuss the discretization scheme and state the global
and interior best-approximation-type results with respect to the L>(Q; L2(I)) norm,
which are proven in sections 6 and 7, respectively. Section 4 is devoted to the proof
of our main result for the optimal control problem. In section 5 we provide some
auxiliary elliptic results required for the proof of Theorem 3.3.

2. Continuous problem and regularity. In order to state the functional an-
alytic setting for the optimal control problem, we first introduce an auxiliary problem
’Ut(tax) - AU(t,iC) = f(t,if), (t,iC) elx Qa

(2.1) v(t,x) =0, (t,z) € I x 09,

v(0,2) =0, x €9,
with a right-hand side f € L"(I; LP(2)) for some 1 < p,r < oco. In what follows we
will use the following maximal regularity result for the solution of this equation.

LEMMA 2.1. Let f € L"(I; LP(Q2)) with 1 < p,r < co. Then (2.1) possesses a

unique solution v with vy, Av € L™(I; LP(QY)) and there exist constants ¢, <
¢p > 0 independent of f and v such that

cr
r—1

and

vl L (z;e ()) + 1AV e (1520 @) < v | flrsnr@))-
For 1 < p <2 the solution v is in W17 (I; LP(Q)) N L"(I; W2P(Q)) and the estimate

lvell e crpe ) + 1V e (nr @)y < e e |l fllr(rne @)
holds.

Proof. The first result is a direct application of maximal parabolic regularity;
see, e.g., [17]. The dependence of the constant ¢, on r can be found, e.g., in [5,
Theorem 3.2, p. 28]. The second result follows then by elliptic W2P(Q) regularity,
which holds for all 1 < p < 2 for convex domains 2; see [21, Corollary 1]. d

In what follows sequel we will need an exact form of the constant in the following
embedding.

LEMMA 2.2. For p > 3 the space WP(Q) is continuously embedded into C(Q)
and there holds )
p—1\'""
el <¢(255) ollwanca

for all v € WHP(Q), where the constant c is independent of v and p.

Proof. The embedding is well known. The exact form of the constant can be
traced, for example, from the proof of [1, Theorem 8.1]; cf. also [13]. 0

Remark 2.3. For our purpose it will be enough to use the following estimate

(&
(2.2) lvlle@ < s—=lvlwie@)
53— D

1,1 _
fora113<pand5+p—1.
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Moreover we will use that W**(Q) < C(Q) if t — 2 > 0. For ¢t > 1 we can use
the embedding W*(Q) < W1P(Q) with

3 3
t—2=1-2
S p
and therefore the estimate
c
(2.3) vlle@) < t_—§|\U||thS(Q)'

S

We will also need the following interior regularity result. Here, and in what
follows, we will denote an open ball of radius d centered at xo by By = By(xo).

LEMMA 2.4. Let Bog C Q. If f € L"(I; L3(Q)) N L"(I; LP(Bag)) for some 1 <
p < 6and 1l < r < oo, then the solution of (2.1) fulfills v € L"(I;W*P(By)) N

WL (I; LP(By)) and there exist constants ¢, < chi and ¢, > 0 independent of d such
that

lvellLr (Lo (Bay) + 10l Lr(rwze (Ba))
_3(1i1_1
<clep (”f”LT(I;LP(Bzd)) +d 33 P)HfHLr(I;m(Q))) '

Proof. Let v € L"(I; H*(Q)) "W (I; L2(Q2)) be the solution of (2.1). We define

1
o(t) = —— v(t, z)dz.
|Baa| J,,
By the Cauchy—Schwarz inequality we have
(2.4)
_ 1 1 _1 _3
[0 (t)] < @|Bzd|2 [ve()| £2(Bow) = [Baal ™ [ve() || L2(Bow) < cd™ 2 [[ve(t) || L2(Bo0)-

We consider a smooth cutoff function w € [0, 1] with the following properties,

(2.5a) w(z) =1, x € Bi(xg),
(2.5b) w(xz)=0, xe€N\ Balzo),
(2.5¢) Vw| <ecd™,  |VPw| < cd?,

and set 0 = (v — ¥)w. There holds
AV =wAv+ Vv - Vw+ (v —0)Aw
and therefore v satisfies the following equation:
o —Av=g, 0(0,:)=0,
on Bsg with homogeneous Dirichlet boundary conditions, where

g= (v — Av)w — Vv -Vw— (v —0)Aw — Brw
= fw—Vuv-Vw— (v—0)Aw — Trw.

We have
N9l Lr (1.7 (Baa)) < € (HfHLT(I;LP(Bm)) + d IV e (100 (Ba0))

+d?|v— Ol Lr (17 (Baw)) + ||T}tHLT(I;LP(Bzd)))'
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Using the Hoélder inequality, the Sobolev embedding H?(2) < WH16(Q), and
Lemma 2.1, we have
6-p 6-p
IVOllLrzizr(Baay) < €d 2 [IVOllLr 1526820y < €d 2 [0l L1129
6-—p
<ecrd || fllorrz@)-

Similarly, using additionally the Poincaré inequality, we obtain

_ 6=p
[0 =0l et (Baw)) < VOl Lr(riLr(Ba)) < e d 75 || fllLrinz))-

Further, by (2.4) we have

3_3 _ 1_1
(2.6)  19tllLr(r;or(Bo)) < cdP ™ 2 Vel Lr(r02(Bog)) < erd 3(3 ”)||f||Lr(1;L2(Q))-

Using maximal parabolic regularity for ¥ (see Lemma 2.1), we obtain

041 Lr (100 (Baa)) + 1AD| e (1,10 (Baa))

< ¢ pllgllLr (L (Baa))
_a(l_1
<cep (d 3(3 ”)HfHLr(I;Lz(Q)) + ”f”LT(I;LP(Bm))) ,
and due to the fact that By has a smooth boundary we also have

100l Lr (1;w2p (Baa)) < ol AD||Lr(1:10(Boa))

for any 1 < p < 6, where the exact form of the constant ¢, for the elliptic W??
regularity estimate can be traced, for example, from [22, Theorem 9.9]. Observing that
V?v = V20 on By we obtain the desired estimate for ||v||.-(r;w2r(p,))- The estimate
for |lv¢||Lr(1;00(By)) follows from the fact that vy = 9 4+ 9; on By, estimate (2.6), and
by the triangle inequality. This completes the proof. a

In the following we will utilize a corresponding interior elliptic result. The proof
follows the lines of the proof of Lemma 2.4.

LEMMA 2.5. Let Bog C Q and f € L?(2) N LP(Bag) for some 1 < p < 6. Let w
be the solution of the Poisson equation
—Aw=f inQ,
w=0 ond.

Then there exists a constant ¢, > 0 such that

_3(i_1
ol < e (1o + 42 E D fl2e) ) -

To introduce a weak solution of the state equation (1.2) we use the method of
transposition; cf. [35]. For a given control ¢ € Q = L?(I), we denote by u = u(q) €
L3(I; L3(Q)) a weak solution of (1.2), if for all ¢ € L?(I; L?(f2)) there holds

(u, P)rxa = /Iw(t,xo)q(t) dt,

where w € L2(I; H*(Q) N HY(Q)) N HY(I; L*(2)) is the weak solution of the adjoint
equation

—wy(t, ) — Aw(t, )

(2.7) w(t, )

w(T, x)

p(t,x), (t,z)€lxQ,
0, (t,z) € I x 09,
0, r € .
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The existence of this weak solution u = wu(q) follows by the Riesz representation
theorem using the embedding L2(I; H2(Q)) — L2(I;C(Q)).

The following regularity result for the state equation is based again on the maxi-
mal parabolic regularity.

THEOREM 2.6. Let ¢ € L"(I) for some 1 < r < oo be given and u = u(q) be the
solution of the state equation (1.2). Then for all1 < s <2 and1<p<3

we L'(I; W), we L"(I;LP(), and wu, € L"(L;W™H3(Q))

with the corresponding estimates

Cr
(2.8) ||U||Lr(1;wol~3(9)) +luellorw-15 ) < o SH(ZHLT(I)
2
and
cr
2.9 crmrn < —Nallor o,
(2.9) lullLr ;e () < 3_p||q||L (I

where the constant ¢, < % is independent of s and p. Moreover, the state u fulfills
the following weak formulation,

(ug, @) + (Vu, V) =/I<p(t,xo)q(t) dt for all ¢ € L" (I, Wy (),

where L +1 =1, L+ 1 =1 and (,-) is the duality product between L"(I; W~1(Q))
and L™ (I; WH* ().
Proof. For s < 2 we have s’ > 3 and by (2.2) W (Q) is embedded into C/()

with
c

lwlle@) < 5 for all w e WH* (Q).

§—S

Therefore, for ¢ € L"(I) the right-hand side ¢(¢)d,, of the state equation can be
identified with an element in L"(I; W ~14(Q)) with

”wHWOl’S/(Q)

c

1q0uoll r (w15 )y < Nallzrry 0z w10y <

< 7—llallry-
5 — S

Using the result from [17, Theorem 5.1] on maximal parabolic regularity we obtain
we L'(I;Wy*(Q) and  w, € L7(I; W™H3(1))

and the estimate (2.8) holds. The dependence of the constant ¢, on r follows again
from [5, Theorem 3.2, p. 28]. The estimate (2.9) holds then by the embedding
Whs(Q) — LP(Q) with p = ;2. Given this regularity the corresponding weak
formulation is fulfilled by a density argument (cf. also [28, Theorem 2.5]). O

In the following, we will use interpolation and embedding results summarized in
the following lemma.

LEMMA 2.7.
(a) Let X and D be Banach spaces with D C X dense in X. Let 1 < r < oo,
0e(0,1— %) Then the following embedding holds:
_ 1
WELX) ML (I5D) = COT (X, Do) if 0<B<1—— =0,

where (X, D)g,1 denotes the real interpolation space between X and D.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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(b) Let X and D be Banach spaces with D C X dense in X. Let 1 < rg,r1 < 00,
6 € (0,1). Then the following embedding holds
1-6 0

- 1
L™(I; X)NL™(I;D) — L"(I;[X,D]p) for —-= + —,
r To 1

where [X, D]y denotes the complex interpolation space between X and D.
(¢) Let X and D be Banach spaces with D C X dense in X. Let 8 € (0,1). There
holds the following relation between the real and complex interpolation spaces,

(X,D)o1 = [X,Dlp = (X, D)g,00-
(d) Let 6 € (0,1) and 1 < s < o0o. There holds the following interpolation result,
(Wﬁl’s(ﬂ), W17S(Q))071 < W2071,S(Q)'

(e) Let D C Q be a subdomain with smooth boundary, let 6 € (0,1), and 2 <p <
00. Then the following interpolation result holds

[LP(D), W*P(D)]p — W??P(D).

Proof. The embedding (a) can be found, e.g., in [2] for # <1— 1 — 6. The case
B =1-1—0isshown in [15, Lemma 3.4]. The embedding (b) is given in [44, Chap-
ter 1.18.4]. For the standard embedding (c) we refer, e.g., to [2]. For the interpolation
result (d) we refer, e.g., to [27, Corollary A.28]. The standard interpolation result (e)
can be found, e.g., in [44, Chapter 2.4.2]. d

As the next step we introduce the reduced cost functional j: 2 — R on the control
space Q = L?(I) by
i(q) = J(q, ulq)),
where J is the cost functional in (1.1) and u(q) is the weak solution of the state
equation (1.2) as defined above. The optimal control problem can then be equivalently
reformulated as

(2.10) min j(q), ¢ € Qad,
where the set of admissible controls is defined according to (1.3) by
(2.11) Qad ={q¢€Q|q<qt)<gaeinl}.

For simplicity of the presentation, we assume 0 € [q,, ¢] in the following, but all our
results hold also without this assumption.

By standard arguments, this optimization problem possesses a unique solution
q € Q = L*(I) with the corresponding state @ = u(gq) € L?(I; LP(Q)) for p < 3; see
Theorem 2.6 for the regularity of 4. Due to the fact that this optimal control problem
is convex, the solution ¢ is equivalently characterized by the optimality condition

(2.12) §(@)(0q—q) >0 for all 6q € Qaq.

The (directional) derivative j'(¢)(dq) for given ¢q,dq € Q can be expressed as

(2.13) 7(a)(69) = / (aq(t) + =(t, 20)) bq(t) dt,

I

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where 2z = z(q) € L3(I; H*(Q) N HE(Q)) N H(I; L3(£2)) is the solution of the adjoint
equation
—z(t,x) — Az(t,x) = u(t,z) —u(t,x), (t,x)elxQ,
(2.14) z(t,z) =0, (t,x) € I x 09,
2(T,z) =0, x € Q,

and v = u(q) on the right-hand side of (2.14) is the solution of the state equation (1.2).
The adjoint solution, which corresponds to the optimal control g, is denoted by z =

2(q)-
The optimality condition (2.12) is a variational inequality, which can be equiva-
lently formulated using the pointwise projection

PQad : Q = Qaa, PQad (Q)(t) = min(Qba maX(Qaa Q(t)))

The resulting optimality condition reads

(2.15) 0= Pou (~25C.a0)).

A standard regularity result on the optimal control g, the optimal state @, and
the optimal adjoint state Z is summarized in the following lemma.

LEMMA 2.8. Let q be the optimal control, u = u(q) be the optimal state, and
z = z(q) be the optimal adjoint state. Then z € L*(I; H*(Q)NH (Q))NH(I; L*(Q))
and the following estimate holds:

@2 1@l Loy + all 22y + V22 a(rizac) + 12 2iza@) < cllillzazey)-
Proof. By the optimality of (g, u) we obtain
[ = @122 1,200 + @lldll7ecny = 2J(g, @) < 2J(0,0) = [all72(7,12(0))-
Hence,
o @l e < allce(rzey)  and  allce(rzz) < 20l @)-
By Lemma 2.1 applied to the adjoint equation (2.14) we obtain
V22l L2z () + | Zell L2 r:n2)) < el —all L2 :rz) < cllillLe@z@)-

This completes the proof. a

By a bootstrapping argument, we obtain the following additional regularity result
for the optimal control g, the optimal state u, and the optimal adjoint state Zz.

THEOREM 2.9. Let q be the optimal control, 4 = u(q) the optimal state, z = z(q)
the optimal adjoint state, and d > 0 be such that Bag = Bag(xo) C Q. Then, there

cr?
r—1

exists a constant ¢, <
and p such that
(a) @ € L"(I; Wy (Q) N WE (I, W=15(Q)) for all1 <r < oo and 1 < s < 2
with the corresponding estimate

and constant cq depending on d and independent of r, s,

5
_ _ CrCqot 2 |
HUHU rwhe)) T HUHWM‘(I;W*LS(Q)) < T37||u||L3(I;L3(Q))§
(I; W, () 3 _ g
2
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(b) @w e L"(I; LP(QY)) for all 1 < r < 0o and 2 < p < 3 with the corresponding
estimate .

_ CrCgQ 2
@l rr;oe )y < ﬁHuHLs(l;Ls(Q))%

(c) @ e CV(I; L3(Q)) for all v < L with the corresponding estimate

A

i)
NS

||u|‘07(f,L%(Q)) S ( 2 ||ﬂHL3(I;L3(Q));

~—

-

~ N~

(d) z € L"(I;W?P(By)) NWr(I; LP(By
the corresponding estimate

) for all 1 < r < oo and 2 <p < 3 with

3 _5
_ _ egaTz
2l Lr(;wze (Ba)) + | Zllwrr (oo (Ba)) < T?)fp||“”L°°(I;L3(Q))?

(e) z€ CV(I;C(By)) and q € CV(I) for ally < & with the corresponding estimate

CdOz*% R
7)5 Hu||L°°(I;L3(Q))-

aldllevay + 12llonre@ay) < T
(§ -7

Proof. The proof consists of four steps. In the first step we prove ¢ € L3(I);
in the second step we show ¢ € L°(I). In the third step we provide the regularity
results (a), (b), and (c) for @; in the last step we show the regularity results for the
adjoint state z and, finally, ¢ € C7(I) for all v < % If the control bounds q,, ¢, are
not equal to +o0, i.e., qq, gy € R, then the first two steps can be omitted, since then
g € L*°(I) holds trivially.

Step 1: To show g € L?(I), we first observe that by Lemma 2.8 we have ||| 2y <
a’%H@Hp([;p(Q)). Then by the estimate (2.9) from Theorem 2.6 we obtain @ €
L3(I; LP(Q)) for all 1 < p < 3 and

Nl < =
3_p qllL2(r) > 3-p

=

@l z2(r:Lr )y < @l 2(1;L2(02)) -

Then, applying Lemma 2.4 to the adjoint equation (2.14) we obtain zZ €
L?(I;W2P(Bg)) N HY(I; LP(By)) and

2l L2120 (Ba)) + 12l 2 (1;20(Ba))

~ —3(1_1 _ ~
< el — @l 2110 (5ay) + cd 2371 = @l 21,200

A CdOf% ~
< callt — Ul p2(r;rr(0)) < 5 p 4l L2 (1,20 ()
<9 pa)
u . .
=3, L2(I;L3(Q))

Using the fact that H(I; LP(Bg)) < L'(I; LP(By)) for all 1 < t < oo we obtain by
Lemma 2.7(b) and (e)

L*(I; W??(Bg)) N H'(I; LP(By)) — L*(I; W*?(By)) N L*(I; LP(Ba))
— L3(I; [LP(Ba), W?*(B4)]s)

2
— L3(I;W*P(By)) forall 0 <6< 3
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It is possible to choose 8 € (0, %) and p € (1,3), e.g., 0 = %, p= %, such that
20250
p

and therefore W?2%?(By) < C(Bg). Hence, 2 € L3(I;C(By)). By the optimality
condition (2.15) we obtain ¢ € L3(I) and

_ 1= _ 3~
||Q||L3(1) <a 1|‘Z||L3(1;c(§d)) < cqar 2 HU||L2(I;L3(Q))-

Step 2: Using the previous estimate, we obtain again by the estimate (2.9) from
Theorem 2.6 that @ € L3(I; LP(£2)) for all 1 < p < 3 and

4l L3 (r;Lr()) < = Gl zs(r) < o
3—0p 3—0p

wleo

@l 2 (1525(0))-

Then applying Lemma 2.4 to the adjoint equation we obtain z € L3(I; WP (By)) N
W13(I; LP(By)) and
121l 3 (r;w2r (Ba)) + 1Zllwis ;oo (Ba))
. C3(lo1), - o~
< cll = @l sqriar gy + ed ) @ =l s
cdoz_%
3—p

< callt =l 3 () < @ Lar;22(0)-

In contrast to the procedure in the first step, we use here the embedding (a) from
Lemma 2.7 and obtain, together with (c¢) and (e) from Lemma 2.7,

z € CP(I,(LP(By), W*?(Bg))g.1) < CP(I,[LP(Ba), W2P(By)]s) < C° (I, W?**?(By))

with 3 =2 — @ for all 0 < § < 2. It is possible to choose § € (0,2) and p € (1,3),
eg., 0= %, p= %, such that
2250
p

and therefore W20P(B,;) — C(B4). Hence, z € L>(I;C(By)). By the optimality
condition (2.15) we obtain § € L*°(I) and

(2.16) 1l L) < cac™ % [l o (rzs(0)-

Step 3: By the above result (2.16) and by Theorem 2.6 we obtain u €
LT (I; W (Q) N Wh(I;W-15(Q)) for all 1 < s < 3 and all 1 < r < oo and
the desired estimate (a):

_ _ c _ c _
HUHLT‘(I;WOLS(Q)) +llallwrrw-1s ) < 3 _T SHQ”LT(I) <3 _T S||Q||Loo(1)
2 2
5
Cpr Cqav™ 2 |
< Téfs”uHLs(I;L%Q))-
2

Similarly, again by Theorem 2.6 we obtain @ € L"(I; LP(Q)) for all 1 < p < 3 and the
desired estimate (b).
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Using the interpolation and embedding results (a) and (d) from Lemma 2.7 we
obtain i
L(I; Wol,S(Q)) N Wl’T(I; W—l,S(Q)) — B (I; W20—1,5(Q))

which holds for 0 < 8 =1—1 — 6. We choose

and obtain by the Sobolev embedding W2'~15(Q) < L2(Q). For ¢ < s < 2 we
choose

S
re = % .
which fulfills ) L2y 1
5521—74—8—95:5—%6 (0,5),
and therefore ;
ueCP(IL2(Q) for B, = % 2 (58_ )
with
_5 _5
1%l oo (703 () < %WHLW;LS(Q)) < Sl
2 (3 —)

For each v < % we express s in terms of v = 5 and obtain
_s
2

_ Cqty ~
1all o 7.2.3 ) < ﬁHUHLs(I;Ls(Q))-
2 7)

Step 4: Using already proven estimate (b) and applying Lemma 2.4 to the adjoint
equation (2.14) we obtain z € L"(I; W?P(By)) N Wb (I; LP(By)) and

2l L (r;w2e By + 12w (1o (B))
_ ~ _ 1_1 _ ~
< )@~ A prrioomany + A2 E D@ = T 1,220
3 g0

C, Cqo

< clealla— Tl pr(rre@) < ﬁHaHLw(I;LS(Q)),

which gives (d). As in Step 2, we use here the embedding (a) from Lemma 2.7 and
obtain together with (c) and (e) from Lemma 2.7

z € CP(I,(LP(By), W*P(Bg))g.1) < CP(I,[LP(Ba), W2P(By)]s) — C° (I, W’ (By))

fora110<ﬂ:1—%—6‘. We choose

resulting in
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Therefore by embedding (2.3) we have z € C?(I; C(By)) with

5

_ _ cgcdofi —~
||Z||cﬂ(f;c(§d)) < 3 _p||z||0ﬂ(f,W29’P(Bd)) < WHUHLWU;L?’(Q))
for § = § —+ — 32 and r such that 8 > 0. For £ < p < 3 we choose 7, = 32 and
obtain L 2@ ) .
—Pp
= —--—-— 0 —
=3 b < ’ 2)
and )
_ < S TRERN
||Z||cﬁp(i;c(§d)) = WHUHL‘”U;L?’(Q))-

For each v < % we express p in terms of v = 3, and obtain

_ Cqtx ~
HZ”C’*(IZC(E4)) < (l _ 5 ||UHL°°(I;L3(Q))'
2

gl

M

~—

Using again the optimality condition (2.15) and the stability of the projection operator
Pg,, in C7 we obtain g € C7(I) for all 0 < y < 3 with

_ cqo N
laller ) < WHUHLM(I;L-*(Q))-
2

[ME]

~—

The last two inequalities result in the desired estimate (e). a

3. Discretization and best approximation results. For the discretization of
the problem under consideration we introduce a partition of I = [0, 7] into subintervals
Iy, = (tm—1,tm] of length k., =t — ti—1, where 0 = tg < t; < -+ < tp—1 <ty =
T. The maximal time step is denoted by k = max,, k,,. We impose the following
conditions on the time mesh (cf. [36]):

(i) There are constants ¢,y > 0 independent of k such that

min  k,, > ck”.
m=1,2,....M
(ii) There is a constant £ > 0 independent of k such that for allm =1,2,... M —
1
k1 < Fom
karl

< K.

(iii) It holds k < § min(T, 1).
These assumptions allow for a large class of time meshes, also with a strong mesh
grading.

The semidiscrete space X} of piecewise constant functions in time is defined by

X2 ={v, € LA(I; H} (Q)) : w1, € Po(I; H}(Q)), m=1,2,..., M},

where Py(I; V) is the space of constant functions in time with values in V. We will
employ the following notation for functions in X}:

(3.1)
v = lim v(tmte) = vmy1, v, = Im v(ty—e) = v(tm) = Vm, [V]m = v —v
e—0t e—0t
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Let T denote a quasi-uniform triangulation of Q with mesh size h, i.e., T = {7} is a
partition of € into tetrahedrons (cells) 7 of diameter h, such that for h = max, h,

diam(r) < h < c|r|5 VreT

holds. Let Vj, be the set of all functions in Hg(£2) that are linear on each 7, i.e., V}, is
the usual space of linear finite elements, and let ij,: Co(2) — V}, be the usual nodal
interpolant.

To obtain the fully discrete approximation we consider the space-time finite ele-
ment space

(3.2) Xl?,li = {Ukh S ng : 'Ukh|1m S P()(I; Vh), m=1,2,. ,M}

We will also need the following semidiscrete interpolant 7 : C(I; Hi(Q)) — X2 de-
fined by

(3.3) x|, () =v(tm, ), m=12,...,M,
and the semidiscrete L? projection Py: L?(I; H'(2)) — X defined by
1

(3.4) Pyly, (1) = W .

o(t,-)dt, m=1,2...,M.

We note that, for any Banach space X, e.g., X = L*°(D) with D C €, we have
stability of the projection Py: L?(I; HY(Q))NL3(I; X) — X2 N L?(I; X) with respect
to the L?(I; X) norm. There holds

M
1
IPeoll 2y = D km Hk_/z o(t) dt
m=1 m

2 M 1 2
<y L ( / |U(t)||xdt)
m X m=1 M I

M
> / lo®I1% dt = o]0,
m=1 m

where we have used the Cauchy—Schwarz inequality.
To introduce the ¢cG(1)dG(0) discretization we define the following bilinear form

M M
(3.6) B(v,¢) = (Ve @) 1 x + (VU, Vo) rxa + Z ([W)m-1, 90:;171)9 + (Uo+a @Sr)ﬂﬂ
m=1 m=2
where (-,-);, xq is the duality product between L2(I,,;W~%%(Q)) and

LQ(Im;W&S/(Q)). We note that the first sum vanishes for v € X). Rearranging
the terms in (3.6), we obtain an equivalent (dual) expression of B:

M M-1
(3.7) B(v,9) == Y (0,000 1,x0 + (V0, V@) 1x0 = > (V5 [@hlm)a + (V37,9 3p)e-
m=1 m=1

For the solution v of the auxiliary equation (2.1) we consider its dG(0) semidiscrete
(in time) approximation vy € X? and its ¢G(1)dG(0) fully discrete approximation
0,1
VEh € Xluh defined as

(3.8) B(vk, 1) = (f, or)1xa  for all ¢ € X}
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and

(3.9) B(vkh, prn) = (f, prn)ixq  for all opp, € X,S:,ll-

Since this method leads to a consistent discretization, we have the following Galerkin
orthogonality relations,

B(v— vk, 1) =0 forall ¢ € X}

and

B(v —vgp,ppn) =0 for all ¢, € X,Si
In the following we will use the following semidiscrete and fully discrete maximal
parabolic regularity results from [31].

THEOREM 3.1 (see [31, Theorem 2]). Let f € L"(I; LP(R2)), 1 < r,p < o0, and
let vy € X be the solution of (3.8). There exists a constant ¢ independent of k and
f such that

T
|\Avk|\m(1;m(n)) <cln EHfHL*(I;LP(Q))-

THEOREM 3.2 (see [31, Theorem 11]). Let f € L"(I; LP(Q2)), 1 < r,p < oo, and
let vgp, € X,S:}lI be the solution of (3.9). There exists a constant ¢ independent of k
and f such that

T
| Anvin || Lr(r;ne)) < cln - I fllrz;Le )

where Ay, : Vi, = Vy, is the discrete Laplace operator which is defined later in (5.6).

In the following we establish global and interior best-approximation-type results in
the L>(€; L?(I)) norm. These results constitute the main technical tools for proving
our main result.

THEOREM 3.3 (global best approximation). Let v, vg, and vgn satisfy (2.1),
(3.8), and (3.9), respectively. There exists a constant ¢ independent of k, h, and v
such that for any 1 < p < oo the estimates

v — Ukh||2Loe(Q-,L2(1))

T\’ . _s
<C(1HE> Inh[> inf (|\U—X||2L2(1;Lm(n))+h P|\7TkU—X||2L2(1-,LP(Q)))

xeij;}L
and )
T
2 2 . 2
v — UthLOO(Q;L2(I)) <c <ln E) |In A| Xélgf?ji”vk - X||L2(I;L°°(Q))
hold.

The proof of this theorem is given in section 6. Note, that the norm on the left-
hand side of these estimates is L>(£2; L2(I)) and on the right-hand side is L?(I; L>(12)).
Therefore, we call this result a best-approximation-type estimate.

For the error at point g we are able to obtain a sharper result, which shows
a more localized dependence of the error at a point. For elliptic problems a similar
result was obtained in [41]. As before, we denote by By = Bg(xo) a ball of radius d
centered at xg.
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THEOREM 3.4 (interior best approximation). Let v, vg, and vg, satisfy (2.1),
(3.8), and (3.9), respectively, and let d > 4h. There exists a constant ¢ independent
of h, k, d, and v such that for any 1 < p < oo the estimates
(3.10)

T
/ |(v — vgn ) (t, z0)|*dt
0

7\° . s
<c <1n E) |In h|? éﬁfo ) { 10 = X7 2 (1200 (Batzoyy) T P~ 7 1760 = XN T2 (1.0 (Butzo))
(X0

. k,h

+d? (||U - X||2L2(I;L2(Q)) + ||lmev — XH%2(I;L2(Q))

+hﬂvw—xm;mm@0}

and
T
| 10 = o)t 0) Pt
0
T 2 2 : 2
Scllno ) kA" inf ook = xllz2z;0% (Baiwo)))
(3.11) XEXkh
A (s
2 2
+ 17|V (v — X)HL2(1;L2(Q))) }
hold.

The proof of this theorem is given in section 7.

Remark 3.5. In [30, Theorem 3.5] we formulated the corresponding two-dimensio-
nal best-approximation-type result. There, the term h%(|V(v — x)[|72(;.12(0)) Was
forgotten due to a small mistake in the proof. Since both terms, [|v — x||72(1.12(q))
and h?||V(v— X)Hiz(I;L?(Q))’ can be estimated by the exact same term, this additional

term has no influence on further results in [30]. The proof for the three-dimensional
case presented below in section 7 works also in the two-dimensional case.

4. Discretization of the optimal control problem. In this section, we de-
scribe the discretization of the optimal control problem (1.1)—(1.2) and prove an es-
timate for the error ||§ — Gxnllz2(r) between the continuous and the discrete optimal
control.

We start with the discretization of the state equation. For a given control ¢ € @
we define the corresponding discrete state ug, = urn(q) € X,S_’,ll by

T
(4.1) B(unh, kn) Z/ q(t)prn(t,zo) dt  for all pg, € X5
0

Using the weak formulation for v = wu(q) from Theorem 2.6, we obtain that this
discretization is consistent, i.e., the Galerkin orthogonality holds:

B(u — ugp, orn) =0 for all g, € X,S,ll
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Note, that the jump terms involving u vanish due to the fact that u € C(I; W ~1:5())
and Pkh,m € Wl’OO(Q).
As on the continuous level, we define the discrete reduced cost functional jxp : Q —
R by
Jrn(q) = J(q, uen(q)),

where J is the cost functional in (1.1). The discretized optimal control problem is
then given as

(4.2) min jrn(q), ¢ € Qads

where Q.4 is the set of admissible controls (2.11). We note that the control variable g
is not explicitly discretized (cf. [30] and [25]), but the optimal control is computable
as a piecewise constant function; see the discussion below. With standard arguments,
one proves the existence of a unique solution Ggn, € Qaq of (4.2). Due to convexity of
the problem, the following condition is necessary and sufficient for optimality:

(4.3) Jrn (@rn)(6q — Grn) > 0 for all 6 € Qaq.

As on the continuous level, the directional derivative j;, (¢)(dq) for given ¢,dq € Q
can be expressed as

(4.4) Jin(0)(09) = / (aq(t) + zn (t, 70)) q(t) dt,

I

where zpn, = 211(q) € X,Si is the solution of the discrete adjoint equation

(4.5) B(wn, #1n) = (unn(g) = U prn) 1o for all g € X0,

The discrete adjoint state corresponding to the discrete optimal control gy, is denoted
by Zkn = 2zkn(Grn). The variational inequality (4.3) is equivalent to the following
pointwise projection formula (cf. (2.15)),

1
akn = Po.4 (—azkh('7$0)) .

Due to the fact that zp, € X,S’,ll, we have that Zgp (-, xo) is piecewise constant and
therefore, by the projection for’mula7 qkr 1s also piecewise constant. Therefore, the
optimization problem (4.2) with a nondiscretized control variable is equivalent to the
corresponding optimal control problem, where the control is searched for in the space
of piecewise constant functions.

To prove an estimate for the error ||¢ — Grn||r2(r), we first need estimates for the
error in the state and in the adjoint variables corresponding to the optimal control
G. Due to the structure of the optimality conditions, we will have to estimate the
error ||Z(-,z0) — ékh('7$0)”L2(I)7 where z = 2(q) and Zin, = zkn(q). Note, that Zgp
is not the Galerkin projection of zZ due to the fact that the right-hand side of the
adjoint equation (2.14) involves 4 = u(g) and the right-hand side of the discrete
adjoint equation for Z; involves g, = ugn(q); see the details below. To obtain an
estimate of optimal order, we will first estimate the error @ — g, with respect to
the L2(; L2 () norm. In the two-dimensional case, the appropriate choice is the
L?(I; LY(Q)) norm; see [30]. Note that an L?(I x Q) estimate would not lead to an
optimal result.
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THEOREM 4.1. Let q be the optimal control and let u = u(q) be the optimal state.
Let, moreover, Gk = ukn(q) € X,S:,ll be the solution of the discrete state equation (4.1)
with ¢ = q. Then the following estimate holds:

- (TN s ~
12 = arnll 2 .3 ) S Cac : <1DE) (a 2 +h|1nh|) @l Lo ;22>

where cq is a constant depending on the radius d > 4h of the largest ball centered at
xo that is contained in ).

Proof. First we introduce i, € X7, which is the semidiscrete approximation of
defined by
B(u — tig, @) =0 for all ¢ € X},

By the triangle inequality, we have

< |la — ] + [l — Tkl

= enll o 18 ) = 2t @)

L2(nL3 )

We estimate both terms on the right-hand side separately. Further, we decompose
the error e, := o — U as

e = u— Uy = (ﬁ—ﬂka)+(ﬂkﬂ—ﬁk) =: &k + Nk

A direct consequence of the semidiscrete maximal parabolic regularity result from
Theorem 3.1 is the almost best approximation with respect to the L2(I; L (Q)) norm;
see [31, Theorem 9]. It says that

<cl T
||ekHL2(1;L%(Q)) =c¢ DE ”&C”LQ(I;L%(Q)).

To estimate the interpolation error & we use the regularity result @ € C7(I; L2 (Q))
from Theorem 2.9(c). We note that, the pointwise interpolant m,u is well-defined.
We choose )
=% == —|Ink|™?
V= =g [kl
and therefore by the estimate (c¢) from Theorem 2.9

< ek all

1 - NIPS
kaHLQU;Lg(Q)) > (L3 (@) < cqk? |1nk|2a 2 ||UHL3(I;L3(Q))

resulting in

3
5,1 T ~
(46) Hek||L2(I;L%(Q)) S Cqtx 2k2 <1n E) Hu||L3(I;L3(Q))a

where we used |lnk| < cln % It remains to estimate ej, := Gy — tgp. To this end we
obtain by duality

||ehHL2(I;L%(Q)) = weLfﬁEg(m) (en, ).
191 L2 1,23 ))<=t

For such fixed ¢ € L2(I; L3())) we introduce y € X} satisfying

(4.7) Blgr,yk) = (¥, 0x)  for all g € X7,
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and its fully discrete analog yin € X,S’i by

B(@rh, ykn) = (¥, prn)  for all @py € X,S:,ll-

Thus applying the estimate (3.11) from Theorem 3.4, we obtain
(4.8)
(en, V) = (g, V) — (lkn, V)

= Bk, yx) — Bliwn, ywn) = /I a(t) (yu(t,20) — yan(t, o)) dt

1
2
< lgllza ( [ nteao) - ykh(t,xo»%)
I
T _ ) _3 )
<c¢ln Elln Al 2 (Hyk — iyl L2 (1.n () + 472 lyk — inykll 22 @)
+d 3RV (g, — ihyk)Hm(z;Lz(Q)))
T _ _s3
< eln bl gl ey (Rl o) + 024”2yl e )
T _1
<cln EUH RNl z2(r) (h||kaL2(I;W2v3(Bd)) + hd %”¢HL2(I;L2(Q))) ;

where in the last step we used the standard semidiscrete stability result; see, e.g., [37,
Theorem 4.1] and h < cd. Using the interior elliptic estimate from Lemma 2.5 we
obtain

lyill L2 w28y < el Ayl L2502 (Bo0)) + cd™ 2 [ Ayl 2,220
< | Aykll z2(r.ps(ay) + ed 2 (| Ayxl 21220

T 1
< ClnE”¢HL2(I;L3(Q)) +cd éH‘/’||L2(1;L2(Q)),

where in the last step we used the semidiscrete maximal parabolic regularity result
from Theorem 3.1. Inserting this estimate into (4.8) we get

T\* . _
(enew) < e () d ] gl Vol

Using the estimate from Lemma 2.8 we obtain

2
N N 1 ~
|tk — Ukh||L2(I;L%(Q)) < gz (111 E) h{In k| [[ull 21,2 (0))-

Combining the above estimate with (4.6), we complete the proof. O
In the next theorem we estimate the error in the adjoint state.

THEOREM 4.2. Let q be the optimal control, let & = u(q) be the optimal state,
and zZ = z(q) be the optimal adjoint state. Let moreover tgn, = ukp(q) € X,S:,ll be
the solution of the discrete state equation (4.1) with ¢ = ¢ and Zgn, = zkn(q) be the
corresponding discrete adjoint state, i.e., the solution of (4.5) with the right-hand side
Uy — u. Then the following estimate holds:

T
(/0 (2(t, 20) — 2rn(t, 30))° dt)

1
2

7\° f _
< CyCa (ln E) |In h|? (ké + h) @l Lo (1,13 (02)),
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where cq is a constant depending on the radius d > 4h of the largest ball centered at
. . . 5
xo that is contained in  and ¢, = max(a~2,1).

Proof. We introduce the Galerkin projection Zy;, € X,S’,ll of Z by
B((pkh,f - ékh) =0 forall g, € Xg,’}ll

and will estimate the errors zZ — Zx, and Zgp — Zxp separately.

Step 1: Estimate for fOT (2(t,20) — Zn(t, x0))? dt. For this error we apply directly
the estimate (3.10) from Theorem 3.4 with p = co resulting in
(4.9)

T

/ (2 = Zin) (¢, z0) [ dt

0

T\? . ) _
¢ (ln E) L 61?(%,1{”2 = XlIZ2 (1.5 (Butzoy T 1782 = XU L2 (1L (Batao)

XE€Ak h

+ d73(||5 - X||2L2(1;L2(Q)) + |lmkz — X||2L2(1;L2(Q))
+ B2V = )3 arizecan) }

We choose x = PyinZ, where P, is the semidiscrete L? projection; see (3.4), and 1y,
is the nodewise interpolant. Note, that i,z is well-defined since z € L*(I; H*(Q)) <
L?(I;C(2)). For the first interior term in (4.9) we obtain
12 = PeinZll L2 (1.1 (Ba(xo)))
<2 = Pezll 2z Batao)) + 1Px(Z = in2)|| L2100 (Ba(wo)))
<|Z = PeZ| L2(1;0%(Ba(o))) + €llZ — inZl| L2(1;0 (Ba(20)))
<12 = k2| L2(1,05 (Ba(zo))) T CllZ — inZ||L2(1;L5 (Ba(0))) s

where we have used the stability of P with respect to the L?(I; L°(Bg(xo))) norm;
see (3.5).
For the second interior term there holds

|7kZ — PrinZ||L2(1.L(Ba(z0)))
< Pz = 22150 (Batwoy)) + I156(Z = in2)l 22112 (Ba(ao)))
< ez = T2l L2 (1L (Batwo))) + €llZ = inZl| L2(1510 (Ba(ao)))-

Therefore both interior terms in (4.9) can be estimated as

(4.10) 11z = Xl 21,000 (Ba(ao))) F 1782 = Xl T 27,15 (Buro))
< cllz = mZ | La (1L (Bawoy)) T+ ClIZ = inZ 721,05 (Ba(w0)))-
The first term on the right-hand side of (4.10) is estimated by
12 = 7zl L2 (150 (Ba(zo))) < K72l v ri0B0)
using the regularity result (e) from Theorem 2.9. We choose v = 3 — co[lnk|~! and

obtain by the estimate (e) from Theorem 2.9

TN s
(4.11) 12 = 702l 2212 (Bateo)) < cak? <1ng) a3 @] poe (1302
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For the second term on the right-hand side of (4.10) we obtain
_ P 3 _
12 = inZll L2112 (Ba(oy)) < b2 ] L21w20 (Bawo)))-
We choose p = 3—|Inh|~! and r = 2 in the estimate (d) from Theorem 2.9 and obtain
(4.12) Iz — ihEHL2(I;L°°(Bd(zo))) < ¢qh|ln h|0¢7g ||aHLoo(I;L3(Q)).

Inserting (4.11) and (4.12) into (4.10) we get

(4.13) 112 = X221, 000 (Ba(ao))) F 1782 = Xl T 21,25 (Buro))
-5 T 0 2 2 ~12
S CqQx k IHE +h |lnh| Hu“Loo(I;LS(Q)).

Next we consider the global terms from (4.9). Arguing as before and exploiting the
stability of Py, with respect to the L2(I; L%(Q)) norm (see (3.5)) we obtain

(4.14) |z - XH%z(z;L?(Q)) + Iz — X||2L2(1;L2(Q)) +1?V(z - X)||2L2(1;L2(Q))
<z = mzl| 7 r2 ) + €2 = inZl 722
+ ch?|V (2 = in2)|| L2(r;r2 ) + b |V (2 = 702) || L2 (1, 02(0)) -
Using that z € L*(I; H*(Q) N HY(Q)) N HY(I; L*(Q)) we apply standard estimates

for the first three terms on the right-hand side of (4.14) and the estimate from [28,
Lemma 3.13] for the last term resulting in

(4.15) 12 = xlZ2(r.p20)) + 172 = XN 72(r.0200)) + PPV E = ) 72(r.020)
< ok + 1+ 028 (IIV22 3z + 12 Rz
<ok + h4)||ﬂ||%2(1;L2(Q))a

where in the last step we have used Lemma 2.8. Inserting (4.13) and (4.15) into (4.9)
we observe that the interior terms dominate and obtain

T
(4.16) /0|(2—2kh)(t,x0)|2dt

T\’ T\" _
< cac, <1n E) |In [? (k (ln E) + h2|1nh|2> Gl (.2 (@)

Step 2: Estimate for fOT (Zen(t, o) — ékh(t,xo))2 dt. We denote by wgp = Zkn —
Zkn- By construction wy, € X, fulfills

(4.17) B(@khawkh) = (@ — akha@kh) for all ©Vrh € Xg:}ll

Using the discrete elliptic result from Lemma 5.3 below, we obtain

T
2 2 2
|tz ar < cmhBiAwonl, g
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By the discrete maximal parabolic regularity result from Theorem 3.2 applied to (4.17)
we have

T _
”AhwthLz(I 3 gclnEHu—uth

L3 (Q)) L2(I;L3 (9))

and therefore
2

T
T 2
2 ) 3||lu — 1 2
/O win (L, 20) dtgc(lnk> [ln k|3 || uthLz(I;L%(Q))'

Applying Theorem 4.1 we obtain
(4.18)

T T
/ wieh, (t, x0)2 dt < cqa™t <1n E)
0

Combining the estimates (4.16) and (4.18) and choosing dominated terms we finally
obtain

T
(/0 (2(t, 20) — 2rn(t, 30))° dt)

This completes the proof. a

8 2
|1nh|§ (O[_Qkf% + h|lnh|) ||aH%2(I,L3(Q))

1
2

7\° 1 ~
< CdCq (ln E) |1nh|2 (k2 + h) ||u||%oo(1;L3(Q)).

In the next theorem, we prove our main result for the optimal control problem
under consideration.

THEOREM 4.3. Let q be the solution of the optimal control problem (2.10) and
drn be the solution of the discrete optimal discrete control (4.2). Then there exists a
constant cq that depends only on the radius d > 4h of the largest ball centered at xq
that is contained in ), such that

- . T\° . ~
= gl < caaeq (10 ) Mk (k4 0) [lmirascoy

with cq = max(a~2,1).

Proof. Due to the quadratic structure of discrete reduced functional jgp, the
second derivative j;/, (¢)(-,-) is independent of ¢ and there holds

(4.19) Jin(@)(p,p) = allp|? forall pe Q.

Using the optimality conditions (2.12) for § and (4.3) for gx, and the fact that g, grn €
Q.q, We obtain

—Jkn (@) (@ — @rn) <0 < —5"(@)(q — qrn)-
Using the coercivity (4.19), the representations (2.13) and (4.4) for the derivatives of
j and j', we get, with Zxp, = 2zkn(q),

allg = a@enll7 < Jin (@@ = @rens @ — @rn) = Jen (@@ — Grn) — Jrn (@) (T — Trn)
< Gen(@)(@ = arn) — 3"(@)(q — Grn)
= —(2(q)(t,x0) — zkn(qQ)(t,%0), @ — qrn)1

= —(2(t,x0) — Zkn(t, x0), @ — Grn)1
1

2

T
</ |Z(f,$o)—5kh(f,xo)|2dt> |7 — qrnllz-
0

Applying Theorem 4.2 completes the proof. d

IN
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5. Elliptic estimates in weighted norms. In this section we collect some
estimates for the finite element discretization of elliptic problems in weighted norms
on convex polyhedral domains mainly taken from [32] . These results will be used in
the following sections for the proofs of Theorems 3.3 and 3.4.

In what follows, we consider a fixed (but arbitrary) point y € Q. Associated with
this point, we introduce a smoothed Dirac delta function [42, Appendix]|, which we
will denote by § = 6, = 55. This function is supported in one cell, which is denoted
by 7,, and satisfies

(x,0)r, = x(y) Vx €P(r).

In addition we also have

(5.1) 18]l wer(ay < ch*3078) 1<p<oo, s=0,1.

Thus, in particular, ||SHL1(Q) <e, H5||L2(Q) < c¢h™2, and ||S||LOO(Q) < ch™3. Next, we
introduce the weight function

(5.2) o(z) =]z — y2 + K2h2,

where K > 0 is a sufficiently large constant to be chosen later. One can easily check
that o satisfies the following properties:

(5.3a) lo™ % |l 22 < clnhl?,

(5.3b) |[Vo| <e,

(5.3¢) |V2a| < clo™?,

(5.3d) max o(z) < cgcnelg o(z) for all cells 7.

For the finite element space Vj, we will utilize the L? projection Py: L?(Q) — Vj,
defined by

(5.4) (Prv,x)o = (v,x)o VX € Vi,
the Ritz projection Ry : H}(Q) — Vj, defined by
(5.5) (VRLv,Vx)a = (Vu,Vx)a Vx € Vi,

and the usual nodal interpolant iy : Cy(€2) — V},. Moreover we introduce the discrete
Laplace operator Ay : Vi, — Vj, by

(5.6) (—=Anvn, x)a = (Von, Vx)a VX € V.

The following lemma is a superapproximation result in weighted norms.

LEMMA 5.1 (see [32, Lemma 3]). Let vy, € Vj,. Then, the following estimates
hold for any a, 8 € R and K large enough:

(5.7) ||Ua(Id —ih)((fﬁvh)HLz(Q) -l-h”UaV(Id —ih)((fﬁvh)HLz(Q) < ChHoaJr'Bith”Lz(Q),
(5.8) [lo*(1d —Ph)(a%h)ﬂm(ﬂ) +hllec*V(Id _Ph)(aﬁvh)”LQ(Q) SCh||Ua+B_1UhHL2(Q)-

The next lemma describes a connection between the regularized Dirac delta func-
tion ¢ and the weight o.
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LEMMA 5.2 (see [32, Lemma 4]). There holds
3z 3 ~ 3 ~
(5.9) lo20z2(q) + hllo2 V| 2(q) + |02 PrdllL2) < c.

On the continuous level, the solution of the Poisson equation with a right-hand
side in L2 (Q) is, in general, not in L°°(2). Similarly, the solution of the Poisson
equation with a right-hand side in L'(f2) is, in general, not in L3(2). The next
two lemmas provide the corresponding a priori estimates on the discrete level with
logarithmic terms.

LEMMA 5.3. There is a constant ¢ > 0 such that

1
lwllzee ) < ellnh|%[|Apwall 5 o

for all wy, € Vj,.

Proof. For a given point y € () we consider the discrete Green’s function g, € V3
defined by ~
_Ahgh = Ph5

with & being the regularized Dirac delta function defined above. In [32] we have shown
(in the proof of Theorem 12) that

1
llgnllzs() < cllnhls.
Using this estimate, we obtain for an arbitrary w, € Vj,

wp(y) = (Vwn, Vgn)

1
= (~Anwn, 90) < [ Annll g o lonll ooy < cln bl [ Avenll g
and thus
1
(510) ||wh||Loo(Q) < C|1nh|3HAhwhHL%(Q)' O
LEMMA 5.4. There is a constant ¢ > 0 such that
1
lvnllLs@) < cllnhlz[|Apvn|Lia)
for all vy, € V.
Proof. Let vy, € V}, be arbitrary. We consider wy, € V}, solving
—Apwp, = Pu(vp|vn|)
and obtain using the previous lemma
[onll7s() = (0n, vnlon]) = (Von, Vwn) = (=Apvn, w)
1
< [[Anvallo) llwnll @) < ellnhl5[|Anvallzie) llvnlvalll 3 o)
1
= c[n A3 | ApvnllLro) lonllZs - 0

The next lemma is a three-dimensional version of Lemma 2.4 in [40], that says
that the L' norm of jumps across element boundaries of any piecewise linear function
can be controlled by the properly weighted discrete H? norm.
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LEMMA 5.5 (see [32, Lemma 6]). There exists a constant ¢ > 0 independent of
h, such that for any vy, € Vy,

> ntnllizson < elnnf (o Anvnllzae) + o} Voullz )
TET

where [Onvp] denotes the jump of the normal derivatives of vy, across the boundary of
T.

6. Proof of Theorem 3.3. Let vy, € X,S:}lI be the solution of (3.9) and y € Q
be an arbitrary but fixed point. To establish the first estimate from Theorem 3.3, it
is sufficient to establish

T 2
T _6
0 [ ot < e (n g ) 1nnP (lolcaeion + 05 molsm)

for some constant ¢ independent of h, k, and y. Then using that the ¢G(1)dG(0)
method is invariant on X,S”,ll, by replacing v and vgp with v — x and vgp — x for any

X € X,S’,ll, by taking the supremum over y, and using the triangle inequality we will
obtain Theorem 3.3. In order for this argument to be valid, we have to be careful and
make sure that only norms of v are used that can be applied to functions from X ,gi

To obtain (6.1) we use a duality argument. To this end we define g to be the
solution to the following backward parabolic problem

—g:(t,x) — Ag(t,x) = ven(t,y)dy(x), (t,x) € 1 x Q,
(6.2) g(t,x) =0, (t,x) € I x 092,
g(T,Q?):O, ZEEQv

where Sy is the smoothed Dirac delta introduced in section 5. Let gip € X,Si be the
corresponding ¢G(1)dG(0) solution defined by

(6.3) B(@kh, gkn) = (kn(t, )0y, Okn)ixas  Yorn € X;Sj;lI

Then, using that the ¢cG(1)dG(0) method is consistent, we have
(6.4)

T M
/ ok (t, y)2dt = B(vkn, gkn) = B(v, gkn) = (Y0, Vgn)rxa — 3 (Vm, [gknlm
0 m=1

where we have used the dual expression (3.7) for the bilinear form B(-,-) and the
fact that the last term in (3.7) can be included in the sum by setting grp, pmr+1 = 0
and defining consequently [grn|pmr = —9grn,a. The first sum in (3.7) vanishes due to
gkh € X ,3,11 For each ¢, integrating by parts elementwise and using that gy, is linear
in the space variable, by the Holder’s inequality we have

(6.5)

(Vo(t), Vgrn(t))a = %Z(v(t), [0n g1 (OD)or < cllv(®)llz=) Y 10ngrn L or),

T

where [0, grn(t)] denotes the jumps of the normal derivatives across the element faces.
By Lemma 5.5, we obtain

(Vo(t), Vorn(®)e < ekl [o(t) <) (o Angrn®)lz20) + o} Voun O 20y ) -

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/22/16 to 129.187.254.46. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ERROR ESTIMATES FOR POINTWISE OPTIMAL CONTROL 2427

Integrating in time and using the Cauchy—Schwarz inequality we get

(6.6) (VU, ngh)jxg

2

T
< el bl ol 2oy ( | (10 dnguale + ||a%v9kh||%z<m)dt>
0

To estimate the term involving the jumps in (6.4), we first use the Holder’s inequality
and the inverse estimate for some 1 < p < oo to obtain

M M 1 1
(Vms [grnlm)a < ¢ Z Enllvml e km® b~ 7 || [grn]ml L1 0)
m=1 m=1
1
M 2 M 2
_3 _
<ch™» (Z km||vm||2Lp(Q)> <Z km1|[gkh]m|%1(ﬂ)> :
m=1 m=1

Inserting the weight function o and using (5.3a), we have

_3 3 1 3
IgrnlmllLr) < llo™2 L2 llo? [genlmll L2y < clnh|z (|02 [gkn]m | L2 )-

With the semidiscrete interpolant 7, defined in (3.3), we obtain
(6.7)

M M 1
_3 1 _ 3
> (Wms [grn)m)a < ch” 7 b w2 (o)) <Z k' llo? [gkh]m||2L2(Q)> :

m=1

Inserting (6.6) and (6.7) in (6.4) we obtain
(6.8)

T
/ lown (1, )Pt
0

m=1

N|=

1 _6
< c[lnhlfz (||U|\%2(1;Loo(g)) +hr ||7Tkv|\%2(1;m(n)))

N[

T M
3 1 _ 3
x ( | (173 800 ey + It Vil e+ 3 o [gkh]mniz@)
m=1

To complete the proof of the theorem we need to show that
T M
3 1 _ 3
| (193 8uin By + 104 Toualitacey) e+ - k5o (o
m=1

0
T 2 T
SC(IH E) |1Hh|/ |Ukh(t7y)|2dt
0

The above result will follow from a series of lemmas. The first lemma treats the term
3
o2 Angnlliz(r.c20)-
LEMMA 6.1. For any € > 0 there exists c. such that

(6.9)

T T
| 1ot agaliait < [ (lomn(t )P + 103 Ve ) e
M
— 3
te Z ko2 [grnlm | 220y

m=1
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Proof. We use the fact that (6.3) can be rewritten on each time level as

(Vornhs Vgen) 1, x0 — (@kh,ms [gkh]m)o = (Vkn (t, )0y, ©rn)1,, xs

or, equivalently, as

(6.10) = kmAngkh,m = [Grnlm = kmVkh,m (y) Prdy-

We multiply this equation by ¢ = —03Aj,gxn and obtain

HU%Ahgth%z(Q)dt —([gkn]m: 0 Angrnm)a — (Vkn (t,y) Prdy, 0 Angin) 1, x0

Ly,
= —([0° grn]ms Angrhm)e — (Vkn(t,y) Pady, 03 Angin)1,, <o
= ([V(@®gn)]m, Varnm)e + ((V(Pr = 1d)0° genlms Vakn,m)o
— (v (t,Y) Prby, 02 Angin) 1, x0 = Ji + Jo + Ja.
We have

J1 = 3(6*Valgknlm, Vakhm)a + (U%[ngh]m, U%ngh,m)n =Ju + Jia.

By the Cauchy—Schwarz inequality and using (5.3b) we get

3 1
Ju < cllo? [grnlmll L2 @) |02 Varnmll L2 )
Using the identity

1 1 1
(6.11)  ([wkn]m, wkhm)o = §|\th,m+1|\%z(m - §||wkh,m||2L2(Q) - §|Hwkh]m|\%z(n)7

we have

3
102 [Vgrnlm| 720 -

1, s 1, 3 1
Jio = §||02V9kh,m+1|\iz(m - §||02V9kh7m||2L2(Q) ~3

Using Young’s inequality for J1; and neglecting —1 02 [V gin]m Hiz(ﬂ) in Ji2 we obtain

1 3 1 3
J1 < §Hazv9kh,m+1”2L2(Q) - §||U2V9kh,m||2L2(Q)
(6.12) N , . ,
+ Cekm |02 Vgrnmll12(0) + WHW [gkn]m 172 (q)-

For J, we get, by the superapproximation estimate (5.8) from Lemma 5.1,
T2 < llo™ 2 [V (Py = 1)0" gunml| 12 |0 Vginml| 20

(6.13) < llo 2 [genlmll 2(9) |02 Vgrnmll 220

1 € 3
< cekml|02Vgrnmlliai) + 7102 [gkn]m 1 22(0)-
4k,
To estimate J3 we use Lemma 5.2, which states that Ha%PhSHLz(Q) < ¢ and obtain

Js < / fon (1) 0% Pob el Anganl 2oy dt
I,

1
<c [ lomttaPits 5 [ 1o} Al
Inm

m

(6.14)
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Using the estimates (6.12), (6.13), and (6.14) we have

||U%Ahgkh||2Lz(Q)dt < ca/l (|vkh(t,y)|2 + ||U%ngh|\iz(m) dt

I’nL
€ 3 3
+ k—”Cf2 [gkn)ml1Z2) + 1197 Varnm+1l 72
m
3
— 102V grn,mll7 (-
Summing over m and using that gxp ar41 = 0 we obtain the lemma. 0

The next lemma treats the term involving the jumps.

LEMMA 6.2. There exists a constant ¢ such that
M T
1y .3 3
S kot gl < ¢ [ (lod Anginlie + lown () ) .
m=1 0

Proof. We test (6.10) with ¢ = 03[gks]m and obtain

(6:15) (|02 [gknlm 13 2(0) = —(Dngin, 0 [gknlm) 1 xe = (U () Phd, 02 [gknlm) 1, <0
The first term on the right-hand side of (6.15) can be easily estimated by using

Young’s inequality as

3 1, s
—(Anginy 0 (gknlm) 1, <0 < chim [ [0 AnginlF2 (o) dt + 1”03 [gxn]m |72 )

I,

For the last term on the right-hand side of (6.15) we use again the inequality (5.9)
from Lemma 5.2, which states that ||0'%Ph6HL2(Q) < ¢ and obtain

~ 1
(0kn (t,9) Pr, 0° [gn]m) 1, x2 < Ckm/ |vkn (t, y) [P dt + Z||0%[gkh]m|\%2(ﬂ)~

m

Combining the above two estimates we obtain

3 3
o> [9kh]m||2L2(Q) < ckm/I (HUQAhgth%ﬁ(Q) + |vkn (¢, y)|2) dt.

Summing over m we obtain the lemma. d
In the next lemma we treat the term HU%ngth(l;p(Q)).

LEMMA 6.3. There exists a constant ¢ such that

T T
L 1oVttt < [ (I bo e + o)) ar
Proof. We test (6.10) with ¢ = ogg, and obtain
—km (AnGkh,m, 0Gkh,m) — ([gkh]m, OGkh,m) = kmvkh,m(y)(PhSya OGkh,m)-

There holds
- km(Ahgkh,ma ngh,m)
= —km(Angrh,m> Prn(0gxkh,m)) = km(Vgknm, V Pu(0gkh,m))
= ki (Vgkh,m: V(0geh,m)) + km(Vgknm, V(Pn —1d)(0gkh,m))
= k|02 Varnml[ 20y + K (Vghnm Gen.m Vo)
+ ki, (Vrh,m, V(Pr — 1d) (0 gkh,m))-
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Therefore, we obtain

kaU%ngh,mHQp(Q) =~k (Vgrn,ms Grn,mVo) = kn(Vgrnm, V(Pn — 1d)(0gkh,m))

+ ([gkn]ms ogkh,m) + kmvkh,m(y)(PhSy7 OGkh,m)
=J1+Jo+ J3+ Jy.

For J; we get by (5.3b)
i < chnl|o Vo mll 2@ llo ™ ginml| ()
< ikaU%nghmHQm(Q) +Ckm||0_%9kh7m||2ﬂ(ﬂ)'
For J; we use the estimate (5.8) from Lemma 5.1 and obtain
Jo < ko= Varnml 29 |02 V(P — 1) (0 grn.m)l| 22(0)
< rnllot Vanml3ay + cknllo™ gunm )

For J3 we use the identity (6.11) and get

1 1 1 1 1 1
Js = §|\029kh,m+1”%2(9) - §|\029kh,m”%2(9) - 5”02 [gkh]m”Qp(Q)'
For J, we again use the inequality (5.9) from Lemma 5.2 and obtain

_1 _1
Ja < kmVhm (W02 gknmll L2(0) < km|vknm (W) + ckmllo ™2 ginm|72(q)-

Summing over m and neglecting the term with the jumps we obtain the desired
estimate. 0

To complete the proof of Theorem 3.3 it remains to estimate ||0'_%gth[><Q.

LEMMA 6.4. There exists a constant ¢ > 0, such that

T T\ T )
/ o2 gknllT2(q)dt < c (ln E) In h|/ lvgr (t, y)|* dt.
0 0

Proof. First we observe

_1 _ 1
lo™2 gknmlZ2() < o eo@) I9knmll 3 ) < I lIgknmlZace)

and therefore

T T T
_ 1 1
/O lo~ ¥ gunl|2a(ey dt < clinhf} / g2y d < el / Ny

where in the last step we have used the estimate from Lemma 5.4 pointwise in time.
Using the fully discrete maximal parabolic estimate from Theorem 3.2 with respect
to the L2(I; L*()) norm, we obtain

T T2 - T
| 18081yt < e () Wy [t

T\2 [T
<c (111 —> / |vgn (t,y) | dt. 0
k) Jo
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We proceed with the proof of Theorem 3.3 starting with (6.8). Using Lemmas 6.1,
6.2, and then 6.3 we get

T M
3 1 — 3
| (17 g oy + ot Vaualaey) e+ 3 kil
m=1
T 1
©16)  <c [ (103 Vol + ounltn) )
0
T 1
<c [ (lo Egulitae + ot )P) dr
0
Then we estimate using Lemma 6.4
T T\? T
(6.17) /0 ||0759kh|\%2(9) dt<c<1nz) |1nh|/O lon (t,y)|? dt.

From (6.8) we arrive at (6.1) and this completes the proof of the first estimate in
Theorem 3.3. The second estimate is established following the lines of the proof,
replacing v by v at all places and using mpvr = vg.

7. Proof of Theorem 3.4. To obtain the interior estimate we introduce a
smooth cutoff function w with the properties that

(7.1a) w(x) =1, x € By,
(7.1b) w(x)=0, z€Q\ By,
(7.1c) |Vw| <ed™t, |VZw| < ed™?,

where By = Bg(xo) is a ball of radius d centered at xo. We set y = x¢ in the definitions
of the regularized Dirac delta function § and of the weight o.
As in the proof of Theorem 3.3 we obtain by (6.4) that

T
(7.2) / [vkn (t, @0)|*dt = B(vin, gen) = B(v, gen) = B(wv, grn) + B((1 — w)v, gin),
0

where ggp, is the solution of (6.3). The first term can be estimated using the global
result from Theorem 3.3. To this end we introduce the solution oxp, € X,S:,ll defined
by

B(0gn — wv, o) =0 for all ¢y, € X,S:,ll.

There holds
T
B(wv, gkn) = B(Okn, gkn) = / Vg (t, 20) Uk (t, z0) di
0
1T ) 1T )
< 5/ o (£, 20) 2 dt + 5/ (B (8, 20) 2 dt.
0 0
Subtracting the first term from the left-hand side and applying Theorem 3.3 for the

second term, we obtain

T 2
- T _s
/o T (t, 20)? dt < ¢ <1n E) |In [? (||wv||2L2(I;L°°(Q)) +he Hﬂk(wv)ﬂiz(f;m(ﬂ)))

T\* s
<c(ng) maP (Iolcamem + A Imolams)
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This results in
(7.3)

T 2
T _s6
/0 lvkn (t, z0)?dt < ¢ <1n E) |In [? (HU||2L2(1;L°°(Bd)) +hr ||7Tkv||2L2(I;LP(Bd)))
+ B((1 = w)v, gkn)-

It remains to estimate the term B((1 — w)v, gxp). Using the dual expression (3.7) of
the bilinear form B we obtain

(7.4)
M
B((1 = w)v,gkn) = (V((1 = w)v), Vgrn) 1 xa — 3 (1= @)vm, [genlm)a = J1 + Ja.

To estimate J; we define ¢ = (1 — w)v and proceed using the Ritz projection Rj
defined by (5.5). There holds

(V(t), Varn(t))o = (VR (1), Vgrn(t))a = — (B (t), Angra(t))e
= —(Rnp(t), Angrn(t)) Byys — (Batp(t), Angrn(t))o\B,, .,
< NRrY (D)l Lo (B4 1ARGER (D) | L1 (B,,4)
1102 Buto (@) 12008y |0 Angin ()] £2(0)-
Using the estimate
1ARgen (O] (5,0 < o2 220102 Argun (D)l 2(5,0) < ellnhl2]lo® Angin(t)l]2(o)

we obtain
(7.5)  (VY(1), Varn(t))a

1 _3
< cmhl? (| RO 5,0 + o3 Bt (@) [F2@5,,0)

=

lo® Angen(®) ] L2
By the interior pointwise error estimates from Theorem 5.1 in [41], we have
_3
[Ba ()l Lo (B,0) < i bl[[(#) Lo (B,)2) + Cd™2 (| RRY ()| L2(B,,2)
= Cd™ 3 || Rytb(t) || L2,

since the support of ¢ = (1 — w)v is contained in Q\ By/2. On Q\ By, there holds
o > d/4 and therefore

_3 _3
o™ 2 Rup ()l L2(\B,,0) < €d 2[[RpYp ()] L2\ By,u)-

Inserting the last two estimates into (7.5) we get

(Vo (1), Varn(t)a < cd™* [In |2 || Ry (1) 2o 02 Angen (®)l| 20
Using a standard elliptic estimate and recalling ) = (1 — w)v we have
|Re(t)|l2c) < 1)l n2) + 19({#) = Rutb(t)|| L2
< ()l 2y + chlI V()| L2 o)
< lv@®)lz2() + chll(1 —w)Vo(t) — Vwo(t)| r2(a)
< clv@®)lz2() + chl| Vo)l L2,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/22/16 to 129.187.254.46. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ERROR ESTIMATES FOR POINTWISE OPTIMAL CONTROL 2433

where in the last step we used |Vw| < cd~! < ch™!. This results in

(Y1), Vgin(t)a < ed™ | h|z ([o(t)]| 20) + IV L2() 102 Angin ()] 220)-
Therefore, we get

(7.6)  Jy < ed™Enh|% ([vllpaerr2) + PIVOllL2s22(0)) 0% Anganllra(rr2y)-
For J,; we obtain

M
1 _1 E
T2 < Y o™ 2 (1 = w)vmll a@kikm? 0% [genlm 2 (@)

m=1

y b :
_ _ 3
(7.7) <c ( > d 7 knl|(1 - w)vm||2mm>> < > ko [gkh]m|%2<m>
m=1

m=1

M 2
< cd_%HﬂkU”H(l;H(Q)) (Z krz1|ag[gkh]m”%2(ﬂ)> )

m=1

where we used that supp(1 — w)v, C Q\ Bg/e and o > d/2 on this set as well as the
definition of m; (3.3). Inserting the estimate (7.6) for J; and estimate (7.7) for Jy
into (7.4) we obtain

B((1 = w)v, gkn)

Nl=

_3 1
<cd 2[lnh|? (||UH%2(1;L2(Q)) + W2 Vol ierL2) + ||7TkU||2L2(1;L2(Q)))

1
M 2
3 _ 3
x (IUzAhgkhliz<z-,Lz<m)+§ kmlllw[gkh]mliz(n)) :
m=1

Using the estimates (6.16) and (6.17), we get
B((1 = w)v, gkn)

Nl=

_3. T
< ed™3 | ([0l + B2IV00R a2y + Imeolazeqoy )

T
X </O |vkh(t,y)|2dt>

Inserting this inequality into (7.3) we obtain

T
/ (o (£, 20) |2t
0

1

2

T\* e
<c <1n E) |In [? (|\U||2L2(1;Loc(3d)) +hr H7Tkv||2L2(1;Lp(Bd)))

s TV
wod (in ) P (oo + P2190laqrsny + ImolEscaoan)

Using that the dG(0)cG(1) method is invariant on X,g:,ll, by replacing v and vy, with

v — x and vgp — x for any x € X,S_’,ll (cf. the discussion at the beginning of the proof
of Theorem 3.3), we obtain the first estimate in Theorem 3.4. The second estimate is
established following the lines of the proof, replacing v by vy at all places and using
TV = V.
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