SIAM J. CONTROL OPTIM. (© 2008 Society for Industrial and Applied Mathematics
Vol. 47, No. 3, pp. 1301-1329

A PRIORI ERROR ESTIMATES FOR SPACE-TIME FINITE
ELEMENT DISCRETIZATION OF PARABOLIC OPTIMAL
CONTROL PROBLEMS PART II: PROBLEMS WITH CONTROL
CONSTRAINTS*
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Abstract. This paper is the second part of our work on a priori error analysis for finite element
discretizations of parabolic optimal control problems. In the first part [STAM J. Control Optim.,
47 (2008), pp. 1150-1177] problems without control constraints were considered. In this paper we
derive a priori error estimates for space-time finite element discretizations of parabolic optimal control
problems with pointwise inequality constraints on the control variable. The space discretization of
the state variable is done using usual conforming finite elements, whereas the time discretization is
based on discontinuous Galerkin methods. For the treatment of the control discretization we discuss
different approaches, extending techniques known from the elliptic case.
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1. Introduction. In this paper we develop a priori error analysis for space-time
finite element discretizations of parabolic optimization problems. We consider the
following linear-quadratic optimal control problem for the state variable v and the
control variable ¢ involving pointwise control constraints:

T T
(1.1a) Minimize J(q,u) = 1/ /(u(t,ac) —a(t,x))? de dt + g/ / q(t,z)? dx dt
2Jo Jo 2Jo Ja

subject to
ou—Au=f+gq in (0,7) x Q,
(1.1b)
u(0) = ug in
and subject to
(1.1c) Ga < q(t,z) < g a.e.in (0,7) x Q,

combined with either homogeneous Dirichlet or homogeneous Neumann boundary
conditions on (0,T") x 9. A precise formulation of this problem including a functional
analytic setting is given in the next section.
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1302 DOMINIK MEIDNER AND BORIS VEXLER

Although the a priori error analysis for finite element discretization of optimal
control problems governed by elliptic equations is discussed in many publications
(see, e.g., [10, 12, 1, 13, 21, 7]), there are only a few published results on this topic
for parabolic problems; see [19, 28, 16, 18, 23].

In the first part of our work on a priori error analysis of parabolic optimal control
problems [20], we developed a priori error estimates for problems without control
constraints. The consideration of control constraints (1.1c¢) leads to many additional
difficulties. In the absence of inequality constraints the regularity of the optimal
solution (g, u) of (1.1a)—(1.1b) is restricted only by the regularity of the domain €;
by the regularity of the data f,ug,@; and possibly by some compatibility conditions.
Therefore, in this case it is reasonable to assume high regularity of (q,u) leading
to a corresponding order of convergence of the finite element discretization; see the
discussion in [20].

The presence of control constraints (1.1c) leads to a stronger restriction of the
regularity of the optimal solution, which is often reflected in a reduction of the order
of convergence of the finite element discretization. For a discussion of the regularity
of solutions to parabolic optimal control problems with control constraints, we refer,
e.g., to [15].

In order to describe the claims and challenges of a priori error analysis for finite
element discretization of (1.1), we first recall some corresponding results in the elliptic
case. Using a finite element discretization with discretization parameter h, one can
define a discretized optimal control problem with the discrete solution (g, @p).

Many authors made an effort to analyze the behavior of ||§— gl £2(q) With respect
to h: In the first papers concerning approximation of elliptic optimal control problems
(see [10, 12]), the convergence order O(h) was established using a cellwise constant
discretization of the control variable; see also [8, 1, 7]. For finite element discretization
of the control variable by (bi-/tri-)linear H!-conforming elements, the convergence
order O(h?) can be shown; see, e.g., [5, 24, 2]. Recently, two approaches achieving
O(h?)-convergence for the error in the control variable have been established; see
[13, 21]. In [13] a variational approach is proposed, where no explicit discretization of
the control variable is used. The discrete control variable is obtained by the projection
of the discretized adjoint state on the set of admissible controls. In [21] a cellwise
constant discretization is utilized, and a postprocessing step is used to obtain the
desired accuracy. The latter technique is extended to optimal control of the Stokes
equations in [25].

For discretization of parabolic problems such as (1.1), the state variable has to be
discretized with respect to space and time leading to two discretization parameters
h, k; see section 3 for a detailed description. The solution of the discretized optimal
control problem is denoted by (G, Uy ), where o = (k, h,d) is a general discretization
parameter and d denotes an abstract discretization parameter for the control space;
cf. [20].

The main purpose of this paper is to analyze the behavior of || — Go || 22(0,1;2(2))
with respect to all involved discretization parameters. Our aim is to discuss the
following four approaches for the discretization of the control variable, which extend
some techniques known from the elliptic case:

1. Discretization using cellwise constant ansatz functions with respect to space
and time. In this case we obtain, similar to [16, 18], the order of convergence
O(h + k): The result is obtained under weaker regularity assumptions than
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FINITE ELEMENTS FOR PARABOLIC OPTIMAL CONTROL 1303

in [16, 18]. Moreover, we separate the influences of the spatial and temporal
regularity on the discretization error; see Corollary 5.3.

2. Discretization using cellwise (bi-/tri-)linear, H!-conforming finite elements in
space, and piecewise constant functions in time: For this type of discretization

we obtain the improved order of convergence O(k + h%_%); see Corollary 5.8.
Here, p depends on the regularity of the adjoint solution. In two space dimen-
sions we show the assertion for any p < oo, whereas in three space dimensions
the result is proved for p < 6. Under an additional regularity assumption,
one can choose p = oo leading to O(k + h?). Again the influences of spatial
and temporal regularity as well as of spatial and temporal discretization are
clearly separated.

3. The discretization following the variational approach from [13], where no
explicit discretization of the control variable is used: In this case we obtain
an optimal result O(k + h?); see Corollary 5.11. The usage of this approach
requires a nonstandard implementation and more involved stopping criteria
for optimization algorithms, since the control variable does not lie in any
finite element space associated with the given mesh. However, there are no
additional difficulties caused by the time discretization.

4. The postprocessing strategy extending the technique from [21] to parabolic
problems: In this case we use the cellwise constant ansatz functions with re-
spect to space and time. For the discrete solution (g,, @y ), a postprocessing
step based on a projection formula is proposed leading to an approxima-
tion ¢, with order of convergence (/¢ — o ||r2(0,7;22(0)) = Ok + hQ_%); see
Corollary 5.17. Here, p can be chosen as discussed for the cellwise linear dis-
cretization. Under an additional regularity assumption, one can also choose
p = oo leading to O(k + h?).

The paper is organized as follows. In the next section, we present a functional
analytic setting for the optimal control problem (1.1) and discuss optimality conditions
and the regularity of optimal solutions. Section 3 is devoted to the discretization of
the considered optimal control problem. Therein, we address the temporal and spatial
discretizations of the state equation by Galerkin finite element methods. Moreover, we
give a detailed presentation of the four possibilities for discretizing the control variable
introduced above. In section 4 we provide basic results on stability and approximation
quality proved in the first part of this article [20]. In section 5 we develop our main
results on a priori error analysis for the four mentioned types of control discretizations.
Finally, we illustrate our theoretical results by numerical experiments.

2. Optimization. In this section we briefly discuss the precise formulation of the
optimization problem under consideration. Furthermore, we recall theoretical results
on existence, uniqueness, and regularity of optimal solutions as well as optimality
conditions.

To set up a weak formulation of the state equation (1.1b), we introduce the
following notation: For a convex polygonal domain 2 C R™, n = 2,3, we denote V to
be either H'(Q) or H{(2) depending on the prescribed type of boundary conditions
(homogeneous Neumann or homogeneous Dirichlet). Together with H = L?(2), the
Hilbert space V' and its dual V* build a Gelfand triple V < H — V*. Here and in
what follows, we employ the usual notion for Lebesgue and Sobolev spaces.

For a time interval I = (0,T) we introduce the state space

X :={v|v e L*(1,V) and 0 € L*(I,V*)}
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1304 DOMINIK MEIDNER AND BORIS VEXLER

and the control space
Q = L*(I,L*(2)).

In addition, we use the following notation for the inner products and norms on L?(2)
and L?(I, L*(Q)):

(v,w) = (v,w)r2(),  (v,w)r = (v, W)L2(1,L2())s
[vll = llvllz20), [vllr = [[vllz2(r,z20))-

In this setting, a standard weak formulation of the state equation (1.1b) for given
control ¢ € Q, f € L*>(I,H), and uy € V reads as follows: Find a state u € X
satisfying

(Opu, o)1 + (Vu,Vo)r = (f +¢,9)1  Vp € X,

u(0) = ug.

(2.1)

As in Proposition 2.1 in [20] the following result on existence and regularity holds.

PROPOSITION 2.1. For fized control ¢ € Q, f € L?>(I,H), and ug € V there
exists a unique solution u € X of problem (2.1). Moreover, the solution exhibits the
improved regqularity

we LI, H*(Q)N V)N HYI,L*(Q)) — C(I,V).
Furthermore, the stability estimate
10ulls + IV2ullr < C{If + alls + IVuol }

holds.
To formulate the optimal control problem we introduce the admissible set Qa.q,
collecting the inequality constraints (1.1c) as

Qad = {0 € Qlga < q(t,x) <q, ae. inlxQ},
where the bounds ¢, g, € R fulfill g, < gp.
The weak formulation of the optimal control problem (1.1) is given as follows:

1
(2.2) Minimize J(q,u) = §||u—12||%+ %||q||? subject to (2.1) and (¢, u) € Qaa X X,

where 4 € L?(I, H) is a given desired state and a > 0 is the regularization parameter.

PROPOSITION 2.2. For given f,4 € L*(I,H), ug € V, and a > 0 the optimal
control problem (2.2) admits a unique solution (§,u) € Qauq x X.

For the standard proof we refer, e.g., to [17].

The existence result for the state equation in Proposition 2.1 ensures the existence
of a control-to-state mapping ¢ — u = u(q) defined through (2.1). By means of this
mapping we introduce the reduced cost functional j: Q — R:

i(q) = J(g,u(q)).
The optimal control problem (2.2) can then be equivalently reformulated as follows:

(2.3) Minimize j(q) subject to ¢ € Qaq-
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The first order necessary optimality condition for (2.3) reads as
(2:4) J(@)(6q—7) =20 Véq € Qaa.

Due to the linear-quadratic structure of the optimal control problem, this condition
is also sufficient for optimality.
Utilizing the adjoint state equation for z = z(¢) € X given by

—(,0:2)1 + (Vp,V2)1 = (p,ulq) — )1 Vyp € X,

2(T) =0,

(2.5)

the first derivative of the reduced cost functional can be expressed as

(2.6) 7'(q)(6q) = (aq + 2(q),6q)r-

The second derivative j”(q)(-,-) is independent of ¢ and positive definite, i.e.,

(2.7) i"(@)(p,p) = allpl7 VpEQ.

Using a pointwise projection on the admissible set Q,q,

(2'8) Pg..: Q — Qaa, Pg.. (T)(tv x) = maX(Qaa min(‘]b: T‘(t, x)))v

the optimality condition (2.4) can be expressed as

(29) 1= Fou (~5:(0).

(07

It is well known that the projection Pg,, possesses the following property:

(2.10)
IV(Pg..())|lLeo) < [VUt)|1r) Yo e LZ(I,W“’(Q)) and for a.a. t € I.

Employing formulation (2.9) of the optimality condition, we obtain the following
regularity result.

PROPOSITION 2.3. Let (q,u) be the solution of the optimization problem (2.2)
and zZ = z(q) be the corresponding adjoint state. Then there holds

a,z € L*(I, H*(Q)) N H'(I, L*(Q)),
ge LA(I,WhP(Q) N H(I,L*(Q)) N L>=(I x Q)

for any p < oo when n =2 and p < 6 when n = 3.
Proof. The regularity of u, z follows directly from Proposition 2.1. The embedding
H?(Q2) — W1P(Q) and property (2.10) imply the desired result for g. 0

3. Discretization. In this section we describe the space-time finite element dis-
cretization of optimal control problem (2.2).

3.1. Semidiscretization in time. At first, we present the semidiscretization
in time of the state equation by discontinuous Galerkin methods following along the
lines of the first part of this article [20]. We consider a partitioning of the time interval
I=10,7T] as

(3.1) I={0}ULULU---Uly
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1306 DOMINIK MEIDNER AND BORIS VEXLER

with subintervals I, = (t;,—1, tm] of size k,,, and time points
O=to<ti < ---<ty_1 <ty =T.

We define the discretization parameter k as a piecewise constant function by setting
k|1m =k, for m = 1,2,..., M. Moreover, we denote by k the maximal size of the
time steps, i.e., k = max k,,.

The semidiscrete trial and test space is given as

X7 = {Uk € L(LV)|vi|, € Pr(Tm,V), m= 1,2,...,M}.

Here, P,.(I,,,V) denotes the space of polynomials up to order r defined on I,,, with
values in V. On X} we use the notation

(v, )1, = (v,w)r2(1,, 2()) and vl = JvllL2(z,. 22(2))-

To define the discontinuous Galerkin approximation (dG(r)) using the space X7,
we employ the following definition for functions v;, € X

+

Vg = tEIél+ Uk (tm + 1), Vg = tErgl+ Vg (b — ) = 0 (tm),  [Vk]m = v,‘;m ~ Vo

and define the bilinear form B(:,-) for ux, ¢ € XJ, by

M M
(3.2) Bluk, @) = _ (O, 0)1,, + (Vue, Vo)1 + D ([unlm-1. 01, 1) + (il g: 08).
m=1 m=2

Then, the dG(r) semidiscretization of the state equation (2.1) for given control ¢ € Q
reads as follows: Find a state u, = ui(q) € X}, such that

(3.3) Blug, @) = (f + ¢, )1 + (uo, 0g) Vo € X}.

The existence and uniqueness of solutions to (3.3) can be shown by using Fourier
analysis; see [27] for details.

Remark 3.1. Using a density argument, it is possible to show that the exact
solution u = u(q) € X satisfies the identity

B(u,¢) = (f +a.0)1 + (uo, 05) Vo € X.
Thus, we have here the property of Galerkin orthogonality
B(u—ug,p) =0 VYepe X,

although the dG(r) semidiscretization is a nonconforming Galerkin method (X} ¢
X).

Throughout the paper we restrict ourselves to the case r = 0. The resulting dG(0)
scheme is a variant of the implicit Euler method. In this case the semidiscrete state
equation (3.3) can be explicitly rewritten as the following time-stepping scheme, using
the fact that uy is piecewise constant in time. We use the notation U, = uk‘ 1, € 14
and obtain

(Ulaw) + kl(VUlavw) = (f + Q7¢)1m + (anw) v¢ S V7
(U, ) + ko VU, V) = (f + ¢, 0) 1, + (Umn—1,v) VeV, m=2,3,..., M.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



FINITE ELEMENTS FOR PARABOLIC OPTIMAL CONTROL 1307

The semidiscrete optimization problem for the dG(0) time discretization has the
following form:

(3.4) Minimize J(qg,uy) subject to (3.3) and (qg,ur) € Qaq X Xp.

As in Proposition 3.2 in [20] the following result holds.

PROPOSITION 3.2. For a > 0, the semidiscrete optimal control problem (3.4)
admits a unique solution (gx, k) € Qaua X X}

Note that the optimal control g is searched for in the subset ().q of the continuous
space @, and the subscript k indicates the usage of the semidiscretized state equation.

Similarly to the continuous case, we introduce the semidiscrete reduced cost func-
tional ji: @ — R:

Jk(q) = J(q,ur(q))
and reformulate the semidiscrete optimal control problem (3.4) as follows:
Minimize j(qx) subject to gx € Qaq-

The first order necessary optimality condition reads as

(3.5) J1(@)(8q — Gr) > 0 Y8q € Quq,

and the derivative of j; can be expressed as

(3.6) Jk(@)(8q) = (aq + 2 (q), )1-

Here, 2z, = 2zx(q) € X,g denotes the solution of the semidiscrete adjoint equation
(3.7) B(p,z1) = (p,u(g) — @)1 Vo € XJ.

As on the continuous level, the second derivative j;/(¢) is independent of ¢ and
positive definite, i.e.,

(3.8) it(@)(p,p) > allp|? VpeQ.

Similarly to (2.9), the optimality condition (3.5) can be rewritten as

5.9) 0= Pou (@)

This projection formula implies particularly that the optimal solution g is piecewise
constant in time. We will make use of this fact in section 5.

3.2. Discretization in space. To define the finite element discretization in
space, we consider two or three dimensional shape-regular meshes; see, e.g., [9].
A mesh consists of quadrilateral or hexahedral cells K, which constitute a non-
overlapping cover of the computational domain 2. The corresponding mesh is denoted
by 7, = {K}, where we define the discretization parameter h as a cellwise constant
function by setting h| = hx with the diameter hg of the cell K. We use the symbol
h also for the maximal cell size, i.e., h = max hx.

On the mesh 7;, we construct a conform finite element space V;, C V in a standard
way:

Vi={ve V|v’K € Q,(K) for K € T, } .

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1308 DOMINIK MEIDNER AND BORIS VEXLER

Here, Q,(K) consists of shape functions obtained via (bi-/tri-)linear transformations
of polynomials in Q4(K) defined on the reference cell K = (0,1)"; cf. section 3.2 in
[20].

To obtain the fully discretized versions of the time discretized state equation (3.3),
we utilize the space-time finite element space

X/::Z = {Ukh € Lz(Ivvif)lvkh|Im S ,Pr(Imav}f)} C X;C‘

Remark 3.3. Here, the spatial mesh, and therefore also the space V}?, is fixed for
all time intervals. We refer to [26] for a discussion of treatment of different meshes
T, for each of the subintervals I,,,.

The so-called ¢G(s)dG(r) discretization of the state equation for given control
q € Q has the following form: Find a state ug, = ugn(q) € X,:,i such that

Throughout this paper we will restrict ourselves to the consideration of (bi-/tri-)linear
elements, i.e., we set s = 1 and consider the ¢G(1)dG(0) scheme.
Then, the corresponding optimal control problem is given as follows:

(3.11) Minimize J(qgn, urn) subject to (3.10) and (ggh, ukn) € Qad X Xg:,ll,
and by means of the discrete reduced cost functional jgp: @ — R,
Jkn(@) = J(q,ukn(q)),

it can be reformulated as follows:

Minimize jrn(qen) subject to gin € Qad-
Tl(l)e1 uniquely determined optimal solution of (3.11) is denoted by (Gkn, Urn) € Qaa X
Xk’h’f he optimal control G € Qaq fulfills the first order optimality condition
(3.12) Jin (@) (6q — Grn) =0 Vg € Qaa,
where j;.,,(¢)(8q) is given by
(3.13) Jkn(0)(89) = (g + zkn(q), 69)1
with the discrete adjoint solution zg, = 2, (q) € Xg:i of
(3.14) B(p, zgn) = (@, urn(q) — ) Vo € X;ijll-
For the second derivative of ji; we have, as before,
(3.15) Jin(@(p,p) = allpl? Vp € Q.

3.3. Discretization of the controls. In this subsection, we describe four dif-
ferent approaches for the discretization of the control variable. Choosing a subspace
Qg4 C Q, we introduce the corresponding admissible set

Qd,ad = Qa N Qaq.
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Note that in what follows, the space Q4 will be either finite dimensional or the whole
space (). The optimal control problem on this level of discretization is given as follows:

(3.16) Minimize J(¢,,u,) subject to (3.10) and (¢o, ts) € Qd.ad X X,(;}L

The unique optimal solution of (3.16) is denoted by (Gy,Us) € Qd,aa X X,S’,ll, where
the subscript o collects the discretization parameters k, h, and d. The optimality
condition is given using the discrete reduced cost functional j; introduced before:

(317) jl/ch((ja)((sq - (ja) Z 0 Véq € Qd,ad'

3.3.1. Cellwise constant discretization. The first possibility for the control
discretization is to use cellwise constant functions. Employing the same time parti-
tioning and the same spatial mesh as for the discretization of the state variable, we
set

Qu={a€Qlal,, .c € Polln x K), m=1,2,....M, K€T,}.

The discretization error for this type of discretization will be analyzed in section 5.1.

3.3.2. Cellwise linear discretization. Another possibility for the discretiza-
tion of the control variable is to choose the same control discretization as for the state
variable, i.e., piecewise constant in time and cellwise (bi-/tri-)linear in space. Using
a spatial space

Qn=1{ve C(Q>|’U‘K € Qi(K) for K € Tp},
we set

Qu={acQlal,, € Pollm,@n)}-

The state space X ,8 ,1L coincides with the control space Q4 in the case of homogeneous

Neumann boundary conditions and is a subspace of it, i.e., Qg O X ,S ,11 in the presence
of homogeneous Dirichlet boundary conditions.

The discretization error for this type of discretization will be analyzed in sec-
tion 5.2.

3.3.3. Variational approach. Extending the discretization approach presented
in [13], we can choose Q4 = Q. In this case the optimization problems (3.11) and
(3.16) coincide, and therefore @, = @xn € Qad-

We use the fact that the optimality condition (3.12) can be rewritten employing
the projection (2.8) as

1
axn = Pg., <a2kh(§kh)) ;

and we obtain that gg, is a piecewise constant function in time. However, Ggp is in
general not a finite element function corresponding to the spatial mesh 7;. This fact
requires more care for the construction of algorithms for computation of gxp; see [13]
for details.

The discretization error for this type of discretization will be analyzed in sec-
tion 5.3.
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1310 DOMINIK MEIDNER AND BORIS VEXLER

3.3.4. Postprocessing strategy. The strategy described in this section extends
the approach from [21] to parabolic problems. For the discretization of the control
space we employ the same choice as in section 3.3.1, i.e., cellwise constant discretiza-
tion. After the computation of the corresponding solution ¢,, a better approximation
d» is constructed by a postprocessing, making use of the projection operator (2.8):

(3.19 i = Pous (- zanla)).

Note that, similar to the solution obtained by the variational approach in section 3.3.3,
the solution ¢, is piecewise constant in time and is generally not a finite element
function in space with respect to the spatial mesh 7;,. This solution can be simply
evaluated pointwise; however, the corresponding error analysis requires an additional
assumption on the structure of active sets; see the discussion in section 5.4.

4. Auxiliary results. In this section we recall some results provided in the first
part of this article [20], which will be used in what follows.

The first proposition provides a stability result for the purely time discretized
state and adjoint solutions. It follows from Theorems 4.1 and 4.3 and Corollaries 4.2
and 4.5 of [20] as well as from elliptic regularity.

PROPOSITION 4.1. For q € Q let the solutions uk(q) € X} and zx(q) € X be
given by the semidiscrete state equation (3.3) and adjoint equation (3.7), respectively.
Then it holds that

IV2ur(@)llr + IVur(@)llr + lux(a)lls < CLIf + allr + 1 Vuoll + lluoll},

V22 (@)l + IV z(@)ll1 + (@)1 < Cllux(q) — allr-

A similar result holds for the fully discretized solutions of the state and adjoint
equations; cf. Theorem 4.6 and Corollary 4.7 in [20].

PROPOSITION 4.2. For g € Q let the solutions ugp(q) € X,S:,ll and zin(q) € X,S:,ll
be given by the discrete state equation (3.10) and adjoint equation (3.14), respectively.
Then it holds that

IVurn (@)1 + lluen (@)l < CLIF + qll + IVITpuol| + [Tauol| },
IVzen (@)1 + lzen(Dllr < Cllurn(q) — all1,

where II,: V — V), denotes the spatial L*-projection.

In the following two propositions, we recall a priori estimates for the errors due to
temporal and spatial discretizations of the state and adjoint variables. The assertions
are proved in [20] by means of Theorems 5.1 and 5.5 as well as by Lemma 6.2 presented
therein.

PROPOSITION 4.3. For q € Q let the solutions u(q) € X and z(q) € X be
given by the state equation (2.1) and adjoint equation (2.5), respectively. Moreover,
let ug(q) € XY and zx(q) € X? be determined as solutions of the semidiscrete state
equation (3.3) and adjoint equation (3.7). Then the following error estimates hold:

lu(q) — u(q)llr < Ck[|Ovulq)llz,

12(q) = zr(@)llr < Ch{I8u(g) |1 + [10:2(a) 1 1}-

PROPOSITION 4.4. For q € Q let the solutions uy(q) € X2 and z;(q) € X} be
given by the semidiscrete state equation (3.3) and adjoint equation (3.7), respectively.
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Moreover, let ugn(q) € X,S)’}lb and zpp(q) € X,S,’flb be determined as solutions of the
discrete state equation (3.10) and adjoint equation (3.14). Then the following error
estimates hold:

lur(q) — wrn(@)llr < CR*||Vur(q)|lr,
Iz1(q) = zkn (@)1 < CR*{IV?ur (@)1 + V2 (0) I }-

Proposition 4.2 provides a stability result for the discrete adjoint solution with re-
spect to the norm of L2(I, H(2)). For later use we additionally prove a corresponding
result with respect to the norm of L?(I, L>(1Q)).

LEMMA 4.5. For q € Q let the solutions ugp(q) € X,S’;L and zkp(q) € Xg’,IL be
given by the discrete state equation (3.10) and adjoint equation (3.14), respectively.
Then it holds that

lzen (@) 21,0 () < Cllurn(q) — |-

Proof. We define an additional adjoint solution Zj, € X} as solution of

By, zk) = (¢, uen(q) — 0); Ve € X,

Since Zj and zxp(q) are given by means of the same right-hand side ugp(q) — @, it is
possible to apply standard a priori error estimates to the discretization error zgp, (q) —Zx
similar to Proposition 4.4.

By inserting the solution %, and utilizing the embedding L?(I, H*(Q)) — L?
(I,L>(92)), we get

lzkn (D 221, )) < 1280 (0) = ZkllL2(1,L @) + 12kl 21,2 ()
< zkn(q) = Zell 21,000 ) + CllZell 221,12 (2))-

For the first term we obtain, by inserting a spatial interpolation i, 2y € Xg’i,

(4.1) |lzen(q) = Zell 21, L)) < 2kn(@) —inZrllL2(r,000 ) + linZk — ZellL2(1,05 () -

For the first term on the right-hand side of (4.1) we proceed by means of an inverse
estimate between L>(Q) and L?(Q2) for discrete functions, an estimate for the error
due to space discretization (cf. Theorem 5.1 of [20]), and an estimate for the spatial
interpolation error as

M
260 (0) = inZk |22 poe ) = D Fmll2rn(@) () = inZk(tm) |7 = ()

m=1

M
SCh™™ Y kmllzkn(@)(tm) = inZe(tm) |

m=1

< Ch™™{||zkn(q) — Zll7 + 12 — inZll7}
< ChY| VP27

By standard interpolation estimates, we have for the second term on the right-hand
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side of (4.1),

M
linZk = ZkllF 2 Loy = D BmllinZe(tm) = Zx(tm)[F e 0

m=1

M
SO k|| V2 2 () |12

m=1
= CH V253,

We complete the proof by collecting all estimates and application of the stability
result from Proposition 4.1:

2k (@) 201,100 () < CR* IV 31 + CllZkl 21, m2(0)) < Cllukn(q) — @l O

5. Error estimates. In this section we provide a priori error estimates for the
different discretization approaches described in section 3. We start with an assertion
of the error between the solution g of the continuous problem (2.2) and the solution
gdr. of the semidiscretized problem (3.4).

THEOREM 5.1. Let § € Qqq be the solution of optimization problem (2.2) and
dr be the solution of the semidiscretized problem (3.4). Then the following estimate
holds:

la = aulls < > 12(a) ~ 24(@) -
Proof. Using the optimality conditions (2.4) and (3.5), we obtain the relation
~3k(@)(a = @) <0 < =5"(@)(7 — Gr)-
From (3.8) we have with any p € Q:
allg = all7 < k()@ — @ 7 — @)
= 3@ — @) = 51 (@) (@ — Gr)
< (@)@ — @) = 7'(@)(7 — T)-
By means of the representations (2.6) and (3.6) of j' and jj, respectively, we obtain
ollg = Gll7 < (2(@) — 2(2), 7 — @)1

The desired assertion follows by Cauchy’s inequality. 0

5.1. Cellwise constant discretization. In this section we are going to prove
an estimate for the error ||§— g, ||; when the control is discretized by cellwise constant
polynomials in space and time; see section 3.3.1.

For doing so, we will extend the techniques presented in [8] to the case of parabolic
optimal control problems. This demands the introduction of the solution gy of the
following purely control discretized problem:

(5.1) Minimize j(gq) subject to gq € Qg,ad-
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The uniquely determined solution gy fulfills the optimality condition

(5.2) 7 (qa)(6q — qa) >0 Vg € Qg aa-

To formulate the main result of this section, we introduce the L?-projection mq: Q —
Qg4 and note that, due to the cellwise constant discretization, the following property
holds true:

TdQad C Qd,ad-

THEOREM 5.2. Let § € Qaq be the solution of the optimal control problem (2.2),
and let Gy € Qg ad be the solution of the discretized problem (3.16), where the cellwise
constant discretization for the control variable is employed. Moreover, let §q € Qd,ad
be the solution of the purely control discretized problem (5.1). Then the following
estimate holds:

_ _ _ 1., _ 1., _
1 = @ollz < l1a = madllr + —112(¢a) — maz(@a)llz + - l12(4a) — 2rn(@a) lz-
Proof. We split the error

17— Gollr < 11q— qallr + G2 — @olls

and estimate both terms on the right-hand side separately. For treating the first term,
we use the fact that 74§ € (Q4,.q and obtain from the optimality conditions (2.4) and
(5.2) the inequalities

J(@)(@—qa) <0 and  — j'(qa)(maq — Ga) < 0.
Using (2.7) we proceed with any p € Q:
allg — qall7 < 5" ()@ — @4, 7 — da)
=7'(@)(q — a) — 7'(¢a)(q — qa)
=5 (@)(q — 4a) — j"(qa)(@ — 7aq@) — 5'(4a)(7ad — qa)
< —5'(qa)(q — 7aq)-

By means of the representation of the derivative j' from (2.6) and the properties of
T4, We have

IN

al|g — qall7 < —5'(@a)(q — 7aq)

—(Ga + 2(Ga), @ — TaQ)1

(maz(qa) — 2(qa), 4 — 7ad)r,

and by Young’s inequality we obtain the intermediary result

o _ _ 1 _ _
(5.3) 17— qall7 < 17 — madll7 + @HZ(QG’/) — maz(qa)7-

In order to estimate the term ||Gqs — G, ||; we exploit the optimality conditions (5.2)
and (3.17) leading to the following relation:

—Jkn(0)(Ga — 45) < 0 < —j"(4a) (G2 — @)
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Using (3.15) and the representations (2.6) for j' and (3.13) for jj,, respectively, we
obtain
allda = @olI7 < 5in(P)(@a — o, Ga — @s)
= Jkn(Ga)(@a — @s) = Jkn(Go)(Ga — do)
< Jkn(2a)(@a — Go) — 5'(a)(da — o)
< 12(qa) — zxn(qa)llrl|@a — @0 |l 1-

Thus, we achieve

_ _ 1 _ _
(5.4) Ga — Gollr < EHZ(Qd) — 2k (Qa)||1-

Collecting estimates (5.3) and (5.4), we complete the proof. 0

This theorem directly implies the following result.

COROLLARY 5.3. Under the conditions of Theorem 5.2, the following estimate
holds:

C
17 = o lir < — k{10:allr + 10ru(@a)llz + [10e2(aa)llr}

+ g h{IIVallr + [IV2(Ga) |1 + h (IVur(@)llr + [IV?2k(@a)llr) } = Ok + h).

Proof. The assertion follows from Theorem 5.2 by interpolation estimates and
Propositions 4.3 and 4.4. Due to the fact that q,q; € Qaq, We obtain, using the
stability estimates from Proposition 4.1, that all norms involved in this estimate are
bounded by a constant independent of all discretization parameters. 0

5.2. Cellwise linear discretization. This section is devoted to the error anal-
ysis for the discretization of the control variable by piecewise constants in time and
cellwise (bi-/tri-)linear functions in space as described in section 3.3.2. To this end
we split the error

g —dollr <11q—arllr + llax — @oll1

and use the result of Theorem 5.1 for the first part. For treating the error ||gx — o |1
we adapt the technique described in [4] and [6] to parabolic problems.

The analysis in this section is based on an assumption on the structure of the
active sets. For each time interval I,,, we group the cells K of the mesh 7; depending
on the value of g, on K into three sets 7}, = ’Th{m U Tth U ’2713m with 7, N7} =10
for ¢ # j. The sets are chosen as follows: 7

T =K € T,|Gx(tm, ) = qo O G(tm,2) =qp Vo € K},

hym *
’me ={K € Tp|¢a < @r(tm,x) <qp Vz € K},
T = Tn \ T U T )

h,m *

Hence, the set ’];f’,m consists of the cells which contain the free boundary between the
active and the inactive sets for the time interval I,,.
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Assumption 1. We assume that there exists a positive constant C independent
of k, h, and m such that
Y. [K|<Ch

KeT? .

separately for all m =1,2,..., M.
Remark 5.4. A similar assumption is used in [21, 25, 2]. This assumption is valid
if the boundary of the level sets

{.13 S Q|@€(tm7x) = QG} and {.13 S Q|§k(tm,$) = qb}

consists of a finite number of rectifiable curves.

We consider the usual nodal interpolation operator I; which maps into the space
of cellwise (bi-/tri-)linear functions Q. It is defined for functions g € C() by
pointwise setting

(5.5) Iig(xz;) = g(x;) for each node z; of 7p,.

The operator I; will also be applied to time-dependent functions g by the setting
(Lg)(t) = Lug(t).
In the following theorem we provide an assertion on the error ||gx — Gy ||1-
THEOREM 5.5. Let G, € Qqq be the solution of the semidiscretized optimal control
problem (3.4) and G, € Qq,qq be the solution of the discrete problem (3.16), where the
cellwise (bi-/tri-)linear discretization for the control variable is employed. Then the
following estimate holds:

L 1 o
lax — dollr < C<1 + a) 1 1aGr — ax |1

N

C c ., _
+ (@) = 2en (@) s + ﬁ(ﬁ(qk)(ﬂz% —dr))
Proof. We split

(5.6) gk — dollr < Gk — Ladillr + | 1adr — Goll1

and estimate the term ||14g; — G, |- Due to the optimality conditions (3.17) and (3.5),
and since I3 € Qg,ad, We have
—Jien (@) Lad@r — @o) < 0 < =) (T — o),
and due to (3.15) we obtain for any p € Q,
allladr — @17 < Jin(p) Tk — @o Ladr — o)

< Jrn(aGr) La@k — Go) — jin(@o) LaGr — Go)

< Jen(Ta@e) (TaGr — G@o) — Ji (@) (@ — Go)
(5.7) ,

= JrnLaGe) (TaGe — Go) — Jkn (@) (TaGe — o)
+ Jin (@) TaGr — @) — J1.(@k) Ladx — Go)
(

+ 72 (@k) La@r — Gx)-
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The representations (3.6) of j; and (3.13) of j;, yield, by means of Proposition 4.2,
that for any p,q,r € Q,

kn () (1) = G (@) ()] <{allp = allz + [|lzkn (p) = 2en (@11 }I7[lr < (C+a)llp—allz|I|lr
and
kn (@) (r) = Jr(@) ()] < [|z1(a) — zen (@)1l ]l2-
Applying these inequalities to the right-hand side of (5.7) leads to
alllagr — 1|7 < (C + ) Lage — @llz | 1adk — Gollr
+ ll21(@r) — 2en (@) 11 adk — o ll1 + 71 (@x) (TaGr — Gx)-
With Young’s inequality, we obtain
_ —_ 2 1 — — |12
Mad = 17 < C(1+ =5 ) Hadi = @l
C _ _ c ., _
+ E“Zk(q}c) — 2en (@) 17 + EJ;@(Qk)(Iko — k)

Inserting this estimate into (5.6) completes the proof. O
In the following two lemmas we provide estimates for the terms j;. (qx)(Lagr — k)
and ||I4Gr — x|lr appearing on the right-hand side of the assertion of Theorem 5.5.
LEMMA 5.6. Let gx € Quq be the solution of the semidiscretized optimization
problem (3.4) and I;qy be the interpolation constructed by (5.5). Then, if Assump-
tion 1 is fulfilled, the following estimate holds for n < p < oo, provided zx(qx) €
L2(I,WhP(Q)):

g o C. 5 2 _
7k (@) (Ta@r — )| < Eh?’ 21V 2 (@) 1221, Lo () -
Proof. Using representation (3.6) of j; we have
31(@x)(Lagx — ax) = (agr + 25(Gr), Ladr — Gr)1

(5.8) - mz;l /Im (aqr(t) + 26 (@) (), Laqi(t) — qr(t)) dt

= Z Er (i (tm) + 25(Gr) (tm) s LaGi(tm) — @r(tm))-

m=1

With the abbreviation d,, = agi(tm) + 2k (qr) (tm) we obtain

(dms LaGr(tm) — @ (tm)) = Z (dms La@r(tm) — Gx(tm)) L2 (50
KeT,

= Z (dms Laqr (tm) — qr(tm)) L2 (k)
KeT},,

(5.9)

since it holds I;qxk(tm) = @k (tm) on ’];le by construction and d,, = 0 on ’Th%m due to
representation formula (3.9).
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In every cell K € 77 there is a point xx with dp,(vx) = 0. Thus, we get
[(dims La@r(tm) — @k (tm)) L2 (k)|
< K # ol o (26) 1 i (bm) — @ (o) | 20 (56
= K" % |dm — dun(@5) |1 0) | a () — @ (b | o 16)
< CR2|K "7 |Vl o 0) | VG (b)) 0 (1) -

Inserting this estimate into (5.9) yields, together with Assumption 1,
_2 _
(s Ta@r(tm) — @i (t))| < CH* Y KM 2|Vl o (1) | Vi (E) | o (10)
KeT?

1—2
P

<cnt| Y IK]| IV dm |l Lo @) [IV@k (tm) | o (0)
KeT?,,

_2 _
< Ch*™ 5 |V | 1o (2 IV Gk (tm) || Lo (0 -

Then, the estimate

IVdm|lLr @) < allVar(@r) (tm)lle @) + 1V2k(@) (Em)l Le ),
representation formula (3.9), and property (2.10) imply

C

(s LaGr (tm) = G (tm))] < Ehgf%IIVZk(@k)(tm)lliz»(m-

Hence, by inserting this last estimate into (5.8) we obtain the proposed assertion

o _ _ C 5 2 M _
19" (@) (Tagx — Gx)| < Ehg 2 Y Em V(@) () 100

m=1

C

_2 —
:Eh?’ P IVae(@ )22 @) O

LEMMA 5.7. Let g € Qaq be the solution of the semidiscretized optimization
problem (3.4) and 1;qy be the interpolation constructed by (5.5). Then, if Assump-
tion 1 is fulfilled, the following estimate holds for n < p < oo, provided z(qr) €
L2(I, WLP(Q)):

_ _ C _ 3_1 _
1 LaGr — qrllr < E{hZHVQZk(Qk)HI + h27 7| Var(@)l L2 (1,00 0) }-

Proof. Since gy, is piecewise constant in time we write

M M
(5.10) [[Tags — all7 = > / Zage(t) = @k (®))* dt = > kol Ladi(tm) = @i (tn) 1.
m=1"1m m=1
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For each m =1,2,..., M, we split

Madie(tm) = @bl = 3 adiltm) = @t iz
KeTy,

(5.11) = D Ha@k(tm) = @ (tm) 720
. KeT?,,

+ Z 1Lag@r (tm) = @ (tm) |72 (5c)-
KeT3

h,m

Here, the sum over K € Th vanishes since on Tl it holds that I;q, = q.
The first term on the right-hand side of (5. 11) can be estimated as

0 Mad@i(tm) = G (tm) 7200y < CB* D7 IV (t) 172

KeT? ., KeT?,,

C _
< @mnv%k(qw(tm)llz,

since i (tm) = —ézk((jk)(tm) on all cells K € Tth For the second term on the
right-hand side of (5.11) we proceed by means of representation formula (3.9), prop-
erty (2.10), and Assumption 1:

_ _ —2 _ _
Y Ma@(tm) = @t)lizgey < D 7 [Ha@(tn) = @etn) [ 20 )

KeT2,, KeT2,,

< Ch? Z (K" % V@ (tm) |20 (16

KeTﬁm

2
1-3

< Ch2 Z |K| ||v6k(tm)”%z>(ﬂ)
KeT?

h,m

C _2
hs ”||Vzk(Qk)(tm)||2Lp(Q)~
Inserting the last two estimates into (5.11) and plugging (5.11) into (5.10) implies the
stated result. |

COROLLARY 5.8. Under the conditions of Theorem 5.5 and Lemmas 5.6 and 5.7,
the following estimate holds:

o C 1 _
17—l < SR{Iau@lr + 10@lr} + S (14 2 ) (170Gl

+ W2 |V22u(@)lr + b2 V(@) | 2emiay ) = Ok +h275),

Proof. The result follows directly from Theorems 5.1 and 5.5, Lemmas 5.6 and 5.7,
and Proposition 4.4. 1]

In what follows we discuss the result from Corollary 5.8 in more details. This
result holds under the assumption that zx(gx) € L?(I, W1P(Q)). From the stability
result in Proposition 4.1 and the fact that g € Q.q, we know that

l2e (G )|l 2 (1,52 (0)) < C.
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By a Sobolev embedding theorem we have H2(Q2) — WP(Q) for all p < oo in
two space dimensions and for p < 6 in three dimensions. This implies the order of

convergence O(k + hgfi) for all 2 < p < oo in two dimensions and O(k + h3) in
three dimensions, respectively. If in addition ||z (qx)||z2(7,w1.()) is bounded, then

we have in both cases the order of convergence O(k: + h%).

Remark 5.9. The above result relies on Assumption 1. This assumption is valid
in the majority of practical cases; cf. Remark 5.4. In the absence of this assumption
a weaker result for the behavior of the spatial error can be shown, i.e.,

1
lim = ||gk — Go ||z = 0.
Lim > llae — Gollr

The proofs in this section can simply be adapted to this situation. For the corre-
sponding result for elliptic optimal control problems, we refer to [4].

5.3. Variational approach. In this subsection we prove an estimate for the
error |7 — o |/1 in the case of no control discretization; see section 3.3.3. In this case
we choose Qg = @, and thus Qg a4 = Qaq. This implies ¢, = G-

THEOREM 5.10. Let § € Qaa be the solution of optimization problem (2.2) and
Jrh € Qaa be the solution of the discretized problem (3.11). Then the following esti-
mate holds:

o 1 _ _
17— Grnllr < o 12(7) — zkn(Q)]l1-

Proof. The proof is similar to the proof of Theorem 5.1. The optimality condi-
tions (2.4) and (3.12) lead to

~Jken(@n) (@ — Grn) <0 < —5"(@)(q — Gin)-
Using (3.15) we have with any p € Q,
allg = grnll? < 3in(P)(@ = Grns @ — Grn)
= Jin (DT — @kn) = G (Tkn) (T — Qrn)
< 91 (@@ = Gen) — (D) — Grn)

= (2(q) — 2en(@)> @ — Qrn)1-

The desired assertion follows by Cauchy’s inequality. 0
This approach provides the optimal order of convergence stated in the following
corollary.

COROLLARY 5.11. Let the conditions of Theorem 5.10 be fulfilled. Then there
holds

o c _ _
g = @enllr < —k{llOu(@)llr + 19:2(@)]l }

+ SR @ i + 1922} = O+ 72).

Proof. The proof follows directly from Theorem 5.10 and Propositions 4.3
and 4.4. ]
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5.4. Postprocessing strategy. In this section, we extend the postprocessing
techniques initially proposed in [21] to the parabolic case. As described in section 3.3.4
we discretize the control by piecewise constants in time and space. To improve the
quality of the approximation, we additionally employ the postprocessing step (3.18).

In what follows we will use the operator R, defined for functions g € C(Q) cellwise

by
Rag|, = 9(Sk), K €T,

where Sk denotes the barycenter of the cell K. This operator allows for the following

interpolation estimates.
LEMMA 5.12. Let K € T;, be a given cell. Then we have that

e forg e HY(K),
\ / ~ (Rag)(x)) de| < CR? K| [ V2g 2o

o for g € WHP(K) withn < p < oo,
lg = RagllLe ) < Ch|VgllLex)-

Proof. The proof is done by standard arguments using the Bramble-Hilbert

lemma; see [21] for details. d
The operator Ry will also be used for time-dependent functions g by setting

(Rag)(t) = Rag(t). There holds the following lemma.
LEMMA 5.13. For a function g € Xp N L?(I,H?(2)) and a cellwise constant

function pg € Qq, the estimate
(Pa> gk — Ragr)1 < Ch*||pall 1V gxlz

holds.
Proof. Using Lemma 5.12 we obtain

(Pa, g — Ragr)r = Z/ pa(t), 9k (t) — Ragi(t)) dt

km(pd<tm)7 gk(tm) - Rdgk:(tm))

I
iMi

M
> b 3 it k) [ (01(6ms2) = (Ragi) b ) da

m=1 KeT,,

M

1

<SCR Yk Y Paltms S| K12 V2 g (bm) | 22(50)-
m=1 KeT,

We complete the proof by Cauchy’s inequality. ]

LEMMA 5.14. Let G, € Quq be the solution of the semidiscrete optimization
problem (3.4) and G, € Qq,qq be the solution of the discrete problem (3.16), where the
cellwise constant control discretization is employed. Then the following relation holds:

(a@Raqr + Razk(qk), 4o — Raqk)1 > 0.
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Proof. From the optimality condition (3.5) for gx, we obtain

(@Gr(tm, ) + 25(@) (tm, 2)) - (69(tm, ) = Gp(tm, 2)) = 0

for any 6q € Qq,aq pointwise a.e. in 2 and for m =1,2,..., M. For an arbitrary cell
K € 7}, we apply this formula for x = Sk and 6q = @,

(aqr(tm, Sk) + 2 (Gr) (tm, Sk)) - (Go (tm, Sk ) — Qr(tm, Sk)) > 0.

This can be done because of the spatial continuity of zx(qx), gk, and g,. Due to the
definition of Ry, this is equivalent to

(R Gk (tm, Sk) + Razi(Gr) (tm, Sk)) - (Go(tm, Sk) — Raqr(tm, Sk)) > 0.

Then, integration over K and I,,, summation over all K € 7, and m =1,2,..., M
lead to the proposed relation. 0

LEMMA 5.15. Let gx € Qqq be the solution of the semidiscrete optimization
problem (3.4) and let Yy € X,S;L Moreover, let Assumption 1 be fulfilled and n <
p < oo. Then, it holds that

_ _ C _ _
(Yrn, @r — Rar)1 < Eh2{||V1/th||1||vzk((1k)||1 + bwnll 2 (r,no ) 1V 26 (@)1}

C 5 1 _
+ Ehz ?llrnll L2, @) IV 2k (@) L2 (1,20 ()

provided that z(qx) € L*(I, WHP(Q)).
Proof. By means of the L2-projection mq: Q — Qg, we split

(Yhs @ — RaGr)1 = (Yknhs @ — TaGr) 1 + (Yrn, TaGe — Radr)1-

Using the optimality condition (3.9) and property (2.10) of the projection operator
Pg.., we have for the first term
(Ykn, @k — Ta)1 = (Vrn — Ta¥in, G — 7aG)1 < Ch2{|Vin| 1|V @rllz

C
< EhQHVQbthIHVZk(qk)||I'

(5.12)

For the second term we obtain

/ (in (£), made (1) — Rage(t)) dt

Im

(Yrhs TaQe — Raqr)r =

M= iM=

km, (djkh (tm)v Taqk (tm) — Ryqy (tm))'
1

3
Il

Utilizing the fact that 7Gx (t) as well as Ry (t) are constant on each cell K, we
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proceed with

(5.13)
(Yrn(tm)s Taqr (tm) — Raqr(tm))

3 [ il ) (i) = (Ra) b))

KeT,

Z ul(A{Wh(tm,x)dx/K(m@k(tm,x)—(quk)(tm’x))dx

KeTn

< oty >

KE,Z’}L

[ (@tns0) = (Ra) b)) ]
K

As in section 5.2, we split the last sum using the separation 7, = le,m U Th%m U Th?”m
form =1,2,..., M. For the sum over ’Z;llm U7,2,, we obtain by means of Lemma 5.12
and the fact that gx(t,,) equals either q,, gp, or —ézk(q’k)(tm):

> ’/K(qk(tm,x) — Rugi(tm, 7)) da

KeT,} UT?

h,m h,m

(5.14) <chr Y KPIVE@ ()l 2
KeT,},muTh?)m

c
< — 12 V22(@) ()|

For the part of the sum over ﬁm, the estimate of Lemma 5.12, Assumption 1, the
optimality condition (3.9), and property (2.10) lead to

(5.15)
> ‘/ (@ (tm ) = Rae(tm, @) da| < K7 |Gk (tm) — Radie(tm) |l 2o ()
KeTg,, 8 KeTd,,

_1 _
<Ch Y K IVE () )
KeT?,,

Q

< Eh2’%||Vzk(ék(t7n))||LP(ﬂ)'

Inserting (5.14) and (5.15) into (5.13) and collecting the estimates (5.12) and (5.13)
completes the proof. 0
The following theorem provides a supercloseness result on the difference Ry —q, -
THEOREM 5.16. Let i € Qqq be the solution of the semidiscretized optimization
problem (3.4) and G, € Qa,qa be the solution of the discrete problem (3.16), where
the cellwise constant discretization for the control variable is employed. Moreover, let
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Assumption 1 be fulfilled and n < p < oo. Then, it holds that

_ _ c , 9 B 1 _ 1 9
— < — — 1 —
|RaGr — Goll1 < ah {|V ur(qr)||l1 + a||VZk(Qk)||I + ( + Q)HV 21(qr) | 1

C 5 1 _
+ ﬁhQ V(@) 21,00 )

provided that z(qx) € L*(I, W1P(Q)).
Proof. As before, we proceed with an arbitrary p € @,

al|Radr — @o||7 < 310 (p)(RaGk — o, Ralr — Go)
= Jin(Rad) (Rads — Go) — Jin(Go)(Rad — Go)-
By means of the inequality
—Jkn(@o)(RaGk — Go) <0 < —(aRady + Razi(qx), Rady — o)1,

which is implied by the optimality of g, and Lemma 5.14, and by means of the explicit
representation of j;, from (3.13), we obtain

|| RaG — |17 < (21 (Radr) — Razi(dk), Rady — o)1
(5.16) < (zkn(Radr) — 2(qk); Ra@x — o)1
+ (2(ak) — Razi(qr), RaGr — Go)1-
For the first term on the right-hand side of (5.16), we have by Cauchy’s inequality,
(zkn(Rar) = 2k(@k), Radk — Go)1 < l|2en(Radr) — 21() |11 Radk — Goll1-
By insertion of zgp (G ), the term ||zxp (Radr) — 25 (x)||r is further estimated as
(5.17)  lekn(Ragr) — 26(@)lr < llzin(Radr) — zin (@)1 + 260 (@) — 2(qx)|1-

Due to the stability estimate of the fully discrete adjoint solution (see Proposition 4.2),
the first term is bounded by

(5.18) | zkn (Radr) — 2in (@)1 < Clluen (Radr) — win(@x)||1-

Further, we have by means of the discrete state equation (3.10) and the discrete
adjoint equation (3.14),

lwen (Ra@r) — wen (@17 = (zkn (@) — 2kn(Rads), @ — Radr)1-

With ¥rp = 2kn(qx) — 2kn(Radx) in Lemma 5.15, we have

C
luen (Radi) — wen (@) |7 < EhZ{HV(zkh((jk) — 2kn (Ra@r)) 11|V 25 (G) | 1

+ 120 (@) — 2en (RaGe) | L2 1,20 () V25 (@) |11 }

C 5 1 _ B _
+ EhQ ? || 2kn (Gr) — 2en (Radr) |2 (1,00 ) IV 20 (@) | 22 (1,27 () »
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and the stability estimates from Proposition 4.2 and Lemma 4.5,

IV (zen(g) — zen(Ragr)) |1 < Cllugn(Ragr) — win(qr)| 1,
lzen(qr) — zen(Raqr)l 221,000 () < Cllurn (Ragr) — wrn(qr)| 1,

yield the following intermediary result:

_ _ C _ _
|wrn (RaGr) — urn(Ge)ll 1 < Ehg{\\vzk(%)ﬂl + [IV?2 (@)1}

C 5, 1 _
+ EhQ P V2 (@) || 2 (1,20 ()

We proceed by inserting this in (5.18) and in (5.17). Together with an estimate for
the second term on the right-hand side of (5.17) from Proposition 4.4, this leads to

1
(5.19)  |lzkn(Radr) — 2k (@)1 < Ch? {HvQUk(Qk)I + a”vzk((jk)”I

1 _ C 5 1 _
(1 DIT @l | + SH IV @m0 oy,
By applying Lemma 5.13 with pg = Rgqdr — @, to the second term on the right-hand
side of (5.16), we get

(2k(ak) — Razi(@), Ra@i — @o)1 < CP*|RaGr — Go||11| V25 (ak) I 1-

The asserted result is obtained by insertion of the last two estimates into (5.16). ad
Based on this theorem, we state the main result of this section concerning the
order of convergence of the error between ¢ and §,, where ¢, is defined using the
postprocessing step (3.18).
COROLLARY 5.17. Let the conditions of Theorem 5.16 be fulfilled. Then, there
holds

17—l < < (1+ 2 k{Iau@r +19:@)1)

C 1 1 1
(s D i@l + SIVa@l+ (14 1) 19 @l

Cro 1yai B
+§(1+a>h2 P [IV 2k (@) | 21, Loy = O(k + B2 7).

Proof. From the optimality condition (2.9) and the definition (3.18) of g, we have
the representation

L 1 1 _
o=l = o (~22@) = P (- sunlan))|
By means of the Lipschitz continuity of Pg,, on L*(I, L*(Q)), this leads to

(5.20)  allg = Gollr < 112(@) = 2kn(@o) 1 < 112(2) — 21(@) 1 + l2k(Gk) — 2kn(30)|I1-
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The first term is controlled by means of Proposition 4.1, Theorem 5.1, and Proposi-
tion 4.3 as

[12(q) = zk(@e)llr < 112(@) — 2k(@1 + [|2(@) — 21(qx)lI1
< N2(@) — 2z1(@)Ir + Cllun(q) — ur(qr)llr

< 12(@) — 2(@l11 + Clla — Gils
< (14 ) =@ - =@l
<c(1+ )k{HBtu Wi+ 18:2(@) 1 )-

The second term can be estimated by means of the stability result of Proposition 4.2
as

l2(qr) — 26n(@o)lr < l12(Gk) — 2en(Radr )l 1 + |l 2en (RaGr) — 21n(30)| 1
< lzk(qr) — zen(Radr)|lr + Cllugn(Radgr) — win(go) |1
< |2k (k) — zkn(Radr) |1 + C|l|Radr — @oll1-

Inserting the two last inequalities into (5.20) and applying the estimates from (5.19)
and Theorem 5.16 yield the stated assertion. 1]

The choice of p in Corollary 5.17 follows the description in section 5.2 requiring
2k(qr) € L*(I, WHP(Q)). Due to the fact that ||z (q) || 2(1,#r2(0)) is bounded indepen-
dently of k, the result in Corollary 5.17 holds for any n < p < oo in the two dimensional
case, leading to the order of convergence (’)(k: + hzfl) In the three dimensional case
we obtain p = 6 and therefore O(k + hg). If in addition ||zk(qk)\|L2(1 Wiee()) 1S
bounded, then we have in both cases the order of convergence O(k + h?).

6. Numerical results. In this section, we are going to validate the a priori error
estimates for the error in the control, state, and adjoint state numerically. To this
end, we consider the following concretion of the optimal control problem (2.2) with
known exact solution on Qx I = (0,1)% x (0,0.1) and homogeneous Dirichlet boundary
conditions. According to the first part of this article [20], the right-hand side f, the
desired state 4, and the initial condition ug are given in terms of the eigenfunctions

wq(t, 21, T2) = exp(am?t) sin(mzy) sin(rxy), a € R,
of the operator £0; — A as

ft,z1,20) = —mtw,(t, 21, 22) — Po,, (—774{wa(t, x1,%2) — we (T, x1, .732)}),

2
-5
(t, x1,x2) = ¢ - 7T2wa<t,$(}1,l'2) + 27r2wa(T,x1,x2),

-1
24a

ug(z1, x2) = sza(O,xl,xg),

with Pg,, given by (2.8) with ¢, = —70 and ¢, = —1. For this choice of data and
with the regularization parameter o chosen as o = 74, the optimal solution triple
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(g,u, z) of the optimal control problem (2.2) is given by
CY(@ X, {172) = PQad (_7‘—4{wa(t7 x1, 1’2) - wa(Ta x1, .%'2)})7

-1
+a

a(t,x1,x2) = 7r2wa(t, x1,x2),

Z(t,x1,x2) = wq(t, x1,22) — wo (T, x1,22).

We are going to validate the estimates developed in the previous section by sepa-
rating the discretization errors. That is, we consider at first the behavior of the error
for a sequence of discretizations with decreasing size of the time steps and a fixed
spatial triangulation with N = 1089 nodes. Second, we examine the behavior of the
error under refinement of the spatial triangulation for M = 2048 time steps.

The state discretization is chosen as ¢G(1)dG(0), i.e., r = 0, s = 1. For the control
discretization we use the same temporal and spatial meshes as for the state variable
and present results for two choices of the discrete control space Qq: c¢G(1)dG(0)
and dG(0)dG(0). For the following computations, we choose the free parameter a to
be —/5.

The optimal control problems are solved by the optimization library RoDoBo
[22] and the finite element toolkit GASCOIGNE [11] using a primal-dual active set
strategy (cf. [3, 14]) in combination with a conjugate gradient method applied to the
reduced problem (3.16).

Figure 6.1(a) depicts the development of the error under refinement of the tempo-
ral step size k. Up to the spatial discretization error it exhibits the proven convergence
order O(k) for both kinds of spatial discretization of the control space.

101 E T \\\HH‘ T \\\HH‘ T \\\HH‘ T \\\L— :\ T \‘ T T \‘ T T \‘ \: 101
o constant control —e— 7 F constant control —e— 7
B bilinear control —e— ] [ bilinear control —e—
[ o) — ¥ :
10° | 4 F - 10°
107! | 4F 5 107
102 i 1k E
: 1 \\\HH‘ 1 \\\HH‘ 1 \\\HH‘ \\H: i \‘ 1 1 \‘ 1 1 \‘ 1 1 \‘ \\7
10° 10t 102 103 10! 102 103 104
M N

(a) Refinement of the time steps for N =

1089 spatial nodes.

(b) Refinement of the spatial triangulation

for M = 2048 time steps.

F1G. 6.1. Discretization error ||§ — Go||1-
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T TTTT \H‘
constant control —e— |
bilinear control —e—

O(k) ——

T \‘ T T \‘ T T \‘ T
constant control —e—
bilinear control —e—

O(h?) —— ]

10°

102 103

M

10

(a) Refinement of the time steps for N =
1089 spatial nodes.

1071 ¢

10—2

10-3

10~
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100

10~1

10~2

103

(b) Refinement of the spatial triangulation
for M = 2048 time steps.

F1c. 6.2. Discretization error |G — g ||7.

T T TTTT H‘
constant control —e—
bilinear control —e—

T \‘ T T \‘ T T \‘ T
constant control —e—
bilinear control —e—

oh?) ——

109

102 103

M

10t

(a) Refinement of the time steps for N =
1089 spatial nodes.

10*

10—2

103

10~*

(b) Refinement of the spatial triangulation
for M = 2048 time steps.

F1G. 6.3. Discretization error ||Z — Zq||1.
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For piecewise constant control (dG(0)dG(0) discretization), the discretization error is
already reached at 128 time steps, whereas in the case of bilinear control (cG(1)dG(0)
discretization), the number of time steps could be increased up to M = 1024 until
reaching the spatial accuracy. This illustrates the convergence results from sections 5.1
and 5.2 with respect to the temporal discretization.

In Figure 6.1(b) the development of the error in the control variable under spa-
tial refinement is shown. The expected order O(h) for piecewise constant control
(AG(0)dG(0) discretization) and O(h?) for bilinear control (¢cG(1)dG(0) discretiza-
tion) are observed. This illustrates the convergence results from sections 5.1 and 5.2
with respect to the spatial discretization.

Figures 6.2 and 6.3 show the errors in the state and in the adjoint variables,
|z — @,||r and ||Z— Z,||1, for separate refinement of the time and space discretization.
Thereby, we observe convergence of order O(k + h?) regardless of the type of spatial
discretization used for the controls. This is consistent with the results proved in the
previous section. Since the postprocessing strategy presented in section 5.4 relies
essentially on the convergence properties of the adjoint variable, Figure 6.3 confirms
the proven order of convergence of the error ||§ — o ||1-

REFERENCES

[1] N. ARrRADA, E. Casas, AND F. TROLTZSCH, Error estimates for a semilinear elliptic optimal
control problem, Comput. Optim. Appl., 23 (2002), pp. 201-229.
[2] R. BECKER AND B. VEXLER, Optimal control of the convection-diffusion equation using stabi-
lized finite element methods, Numer. Math., 106 (2007), pp. 349-367.
[3] M. Bercounioux, K. ITo, aND K. KUNISCH, Primal-dual strategy for constrained optimal
control problems, SIAM J. Control Optim., 37 (1999), pp. 1176-1194.
[4] E. Casas, Using piecewise linear functions in the numerical approzimation of semilinear el-
liptic control problems, Adv. Comput. Math., 26 (2007), pp. 137-153.
[5] E. Casas AND M. MATEOS, Error estimates for the numerical approzimation of boundary semi-
linear elliptic control problems. Continuous piecewise linear approximations, in Systems,
Control, Modeling and Optimization, IFIP Int. Fed. Inf. Process. 202, Springer, New York,
2006, pp. 91-101.
[6] E. CasAas AND M. MATEOS, Error estimates for the mumerical approzimation of Neumann
control problems, Comput. Optim. Appl., 2007, published electronically.
[7] E. Casas, M. MATEOS, AND F. TROLTZSCH, Error estimates for the numerical approzimation of
boundary semilinear elliptic control problems, Comput. Optim. Appl., 31 (2005), pp. 193~
220.
[8] E. Casas AND F. TROLTZSCH, Error estimates for linear-quadratic elliptic control problems,
in Analysis and Optimization of Differential Systems, V. Barbu, 1. Lasiecka, D. Tiba, and
C. Varsan, eds., Kluwer Academic Publishers, Boston, 2003, pp. 89—100.
[9] P. G. CIARLET, The Finite Element Method for Elliptic Problems, Classics Appl. Math., 40,
SIAM, Philadelphia, 2002.
[10] R. FALK, Approzimation of a class of optimal control problems with order of convergence
estimates, J. Math. Anal. Appl., 44 (1973), pp. 28-47.
[11] GASCOIGNE: The Finite Element Toolkit, http://www.gascoigne.uni-hd.de/.
[12] T. GEVECI, On the approzimation of the solution of an optimal control problem governed by
an elliptic equation, M2AN Math. Model. Numer. Anal., 13 (1979), pp. 313-328.
[13] M. HiNzE, A variational discretization concept in control constrained optimization: The linear-
quadratic case, Comput. Optim. Appl., 30 (2005), pp. 45-61.
[14] K. KuNiscH AND A. ROSCH, Primal-dual active set strategy for a general class of constrained
optimal control problems, SIAM J. Optim., 13 (2002), pp. 321-334.
[15] I. LASIECKA AND K. MALANOWSKI, On regularity of solutions to convex optimal control problems
with control constraints for parabolic systems, Control Cybern., 6 (1977), pp. 57-74.
[16] I. LAsiECKA AND K. MALANOWSKI, On discrete-time Ritz-Galerkin approzimation of control
constrained optimal control problems for parabolic systems, Control Cybern., 7 (1978),
pp. 21-36.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



(17]
18]
[19]

[20]

(21]
22]
23]
24]

[25]

FINITE ELEMENTS FOR PARABOLIC OPTIMAL CONTROL 1329

J.-L. LioNs, Optimal Control of Systems Governed by Partial Differential Equations,
Grundlehren Math. Wiss., 170, Springer, Berlin, 1971.

K. MALANOWSKI, Convergence of approzimations vs. reqularity of solutions for convex, control-
constrained optimal-control problems, Appl. Math. Optim., 8 (1981), pp. 69-95.

R. S. McNigaT AND W. E. BOSARGE, JR., The Ritz—Galerkin procedure for parabolic control
problems, SIAM J. Control Optim., 11 (1973), pp. 510-524.

D. MEIDNER AND B. VEXLER, A priori error estimates for space-time finite element discretiza-
tion of parabolic optimal control problems. Part 1: Problems without control constraints,
SIAM J. Control Optim., 47 (2008), pp. 1150-1177.

C. MEYER AND A. ROSCH, Superconvergence properties of optimal control problems, SIAM J.
Control Optim., 43 (2004), pp. 970-985.

RoDoBo: A C++ Library for Optimization with Stationary and Nonstationary PDEs,
http://rodobo.uni-hd.de/.

A. ROscH, Error estimates for parabolic optimal control problems with control constraints, Z.
Anal. Anwendungen, 23 (2004), pp. 353-376.

A. ROSCH, Error estimates for linear-quadratic control problems with control constraints, Op-
tim. Methods Softw., 21 (2006), pp. 121-134.

A. ROscH AND B. VEXLER, Optimal control of the Stokes equations: A priori error analysis
for finite element discretization with postprocessing, STAM J. Numer. Anal., 44 (2006),
pp. 1903-1920.

M. SCHMICH AND B. VEXLER, Adaptivity with dynamic meshes for space-time finite element
discretizations of parabolic equations, STAM J. Sci. Comput., 30 (2008), pp. 369-393.

V. THOMEE, Galerkin Finite Element Methods for Parabolic Problems, 2nd ed., Springer Ser.
Comput. Math., 25, Springer-Verlag, Berlin, 1997.

R. WINTHER, Error estimates for a Galerkin approxzimation of a parabolic control problem,
Ann. Math. Pura Appl. (4), 117 (1978), pp. 173-206.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



