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system by Newton’s method.
Keywords discontinuous Galerkin method · parabolic equations · inexact Newton’s
method
Mathematics Subject Classification (2000) 65M99 · 65M60 · 65F10
T. Richter
Institut für angewandte Mathematik, Ruprecht-Karls-Universität Heidelberg, Im Neuenheimer Feld 294,
69120 Heidelberg, Germany
E-mail: richter@uni-hd.de
A. Springer
Lehrstuhl für Mathematische Optimierung, Technische Universität München, Fakultät für Mathematik,
Boltzmannstraße 3, 85748 Garching b. München, Germany
Tel.: +49-89-289-17993
Fax: +49-89-289-17932
E-mail: springer@ma.tum.de
B. Vexler
Lehrstuhl für Mathematische Optimierung, Technische Universität München, Fakultät für Mathematik,
Boltzmannstraße 3, 85748 Garching b. München, Germany
E-mail: vexler@ma.tum.de

2

T. Richter, A. Springer, B. Vexler

1 Introduction
In this paper we propose an efficient numerical realization of discontinuous Galerkin methods (dG) for temporal discretization of parabolic partial differential equations. In contrast to standard time-stepping schemes (like Runge-Kutta methods) the
dG schemes are based on the space-time weak formulation of parabolic equations
and employ a Galerkin finite element procedure to obtain a (semi-)discrete system
of equations. Although these methods are formulated globally in the space-time domain, the resulting (semi-)discrete system decouples into a sequence of systems corresponding to individual time steps. This equivalence to a time stepping scheme is due
to the discontinuity of the used test space. Discontinuous Galerkin type methods were
first investigated for solving the Neutron transport equation (see for example [14]),
the time stepping schemes of this type for parabolic equations were developed by
Johnson, Thomee and coworkers, see, e. g., [9, 7, 8, 27].
There is a number of important properties making the use of dG schemes attractive for temporal discretization of parabolic equations:

– A priori error analysis. This type of discretization allows for a priori error estimates of optimal order with respect to discretization parameters (as the size of
time steps) as well as with respect to the regularity requirements for the solution,
see, e. g., [7, 8].
– A posteriori error analysis and adaptivity. Different systematic approaches for a
posteriori error estimation and adaptivity developed for finite element discretizations can be adapted for dG temporal discretization of parabolic equations, see,
e. g. [24, 22]
– H p time stepping. Compared to the traditional approach to adaptivity that refines
the length of the considered time intervals (h-adaptivity), the hp approach allows
also to increase the order on selected intervals which results in faster convergence.
For dG methods, this approach is developed for example in [24].
– Dynamic meshes. Since the trial space allows for discontinuities at the time nodes,
the use of different spatial discretizations for each time step can be directly incorporated into the discrete formulation, see, e. g. [22].
– Discretization of optimal control problems. For the treatment of optimal control
problems, Galerkin methods are particularly suitable since they expose the important property that the two approaches optimize-then-discretize, i.e. the discretization of the optimality system built up on the continuous level, and discretize-thenoptimize, i.e. discretization of the state equation and subsequent construction of
the optimality system on the discrete level, lead to the same discretization scheme,
see, e. g., [1]. Compared to continuous Petrov-Galerkin time-stepping schemes,
see [18], dG schemes also have the advantage that the adjoint state can use the
same discretization as the state variable. This allows for unified numerical treatment and simplifies a priori and a posteriori error analysis, see, e. g. [15–17, 4].
– Stability properties. Compared to, e. g., the continuous Galerkin methods, dG
schemes are not only A-stable but strongly A-stable, see, e. g., [14].
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– Nodal superconvergence. If the solution to the problem has sufficient regularity,
the discontinuous Galerkin method of order r will expose superconvergence of
order 2r + 1 at the nodal points, see, e. g., [27, Chapter 12].
Despite those advantages, dG schemes of higher order than zero are seldom used
for practical computations. Two important reasons for this are the comparatively high
effort required to implement them and the computational cost for solving the time
stepping equation. Since the number of unknowns per time step grows linearly with
increasing order, assembling and solving the resulting coupled equation system can
become prohibitive, especially in the context of large systems of nonlinear PDEs
in several space dimensions. Results for first order dG schemes where the full time
stepping equations were solved can be found for example in [12] for the heat equation
and for Navier-Stokes in [2].
For linear equations with time-independent coefficients, an efficient solution approach was developed by Schötzau, Schwab and their coworkers in the papers [23]
and [30]. There, the dG equation system was decoupled into linear problems with the
same structure as the time-stepping equation for the implicit Euler scheme. However,
the resulting equations are complex-valued which on the one hand means considerable computational effort, on the other hand can make implementation more difficult
since not every existing finite element code will support complex numbers.
Here, we analyze in more detail why conventional decoupling attempts always
lead to complex-valued equations and present a novel approach based on an inexact
Newton iteration which circumvents this problem. We perform a block elimination
on the dG system to transform it into upper triangular form and apply an approximation such that the resulting equation system can be solved efficiently without
requiring complex arithmetic. To compensate for the error caused by the approximation, we iterate our scheme in a Newton-like fashion. For linear problems with
time-independent coefficients the overhead caused by the iterations will usually outweigh the time savings from avoiding solving the full dG equation. In the nonlinear
case however, Newton steps are required for the exact scheme as well and the necessary reassembling of the system matrix occupies a significant part of the overall
computing time. So particularly for those difficult nonlinear problems the simplified
schemes proposed here will reduce the overall run time significantly. Additionally
memory consumption is reduced and the implementation is simplified since the matrix for the full dG time stepping equation does not need to be assembled. As for the
approach in [23], all sub-steps consist of equations with the same structure as the implicit Euler scheme. Hence, our method can be realized on top of any existing finite
element code that allows for an implementation of the backward Euler scheme.
The outline of the paper is as follows: In Section 2 we give a detailed definition
for the considered class of parabolic equations and show two sets of assumptions
on the spatial differential operator that guarantee the existence of a unique solution
and the applicability of the proposed simplified solution scheme. We discretize the
problem in Section 3 with respect to time and space. Section 4 focuses on solving
the discretized problem by Newton’s method and on the structure of the resulting
linear sub-problems. In Section 5 we analyze why this structure makes it impossible
to decouple the linear sub-problem without introducing complex-valued equations.
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Subsequently we show how to derive a class of approximate solution schemes for
the Newton update equation which circumvent this problem. The accuracy of these
approximations and their impact on the outer Newton iteration are investigated in
Section 6. Section 7 gives realizations of such schemes for order 1 to 3. Finally, in
Section 8 we study the efficiency of the presented schemes by numerical tests.

2 Problem statement
For a given time interval I = (0, T ), we consider parabolic equations of the form
∂t u(t) + A(u) = f (t) ∀t ∈ I,
u(0) = u0 .
To state the precise functional analytic setting for our problem, let the Hilbert space
V be continuously and densely embedded into the Hilbert space H := L2 (Ω ) where
Ω ⊆ Rd with d = 2 or d = 3 is a polygonal spatial domain. After identifying H with
its dual space H ∗ , the spaces V ,→ H ,→ V ∗ form a Gelfand triple. Let A : V → V ∗ be
a possibly nonlinear elliptic partial differential operator. We require A to be Fréchet
differentiable and the derivatives Au (u) : V → V ∗ to be self-adjoint and positive when
considered as unbounded operators on H for all u ∈ V . At the end of this section we
give examples for operators satisfying those conditions.
On the time interval I we introduce the abstract function space

X := W (I) = v ∈ L2 (I,V ) ∂t v ∈ L2 (I,V ∗ ) .
We denote the inner product on H by (·, ·) and the inner product on L2 (I, H) by (·, ·)I .
With these preparations we can state a weak formulation of the considered class of
equations: Find u ∈ X satisfying
Z
I

h∂t u, Φi

V ∗ ×V

Z

dt +
I

a(u)(Φ) dt + (u(0), Φ(0)) = ( f , Φ)I + (u0 , Φ),

∀Φ ∈ X,

(1)
where h·, ·iV ∗ ×V denotes the duality pairing on V . The semilinear form a (linear in
the second argument) is defined by
a(u)(·) := hA(u), ·iV ∗ ×V .
For the initial value we require u0 ∈ H and for the right hand side f ∈ L2 (I,V ∗ ). Under
which conditions this equation attains a solution depends on the form of the operator
A. Throughout this paper we will restrict our analysis to problems that possess a
unique solution.
There are several different sets of conditions that will ensure on the one hand
that the operator A fulfills the stated requirements and on the other hand that the
continuous problem and its discretization are well-posed. Examples for such sets of
conditions include
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(I) A is a linear operator of the form A(u) := − div(G∇u) + γu where G is a symmetric r × r matrix with entries Gi j ∈ L∞ (Ω ) which is uniformly positive definite on Ω . We further assume γ ∈ L∞ (Ω ). The space V can be chosen either as
V := H01 (Ω ) or V := H 1 (Ω ) together with natural Neumann boundary conditions.
(II) We set V := H01 (Ω ). The spatial differential operator has the form A(u) = −∆ u+
g(t, x, u), where the nonlinearity g : I × Ω × R is measurable with respect to (t, x)
for any u ∈ R and satisfies the following conditions:
(a) g is continuously differentiable with respect to u for almost all (t, x) ∈ I × Ω
and there is a K > 0 such that
kg(·, ·, 0)kL∞ (I×Ω ) + k∂u g(·, ·, 0)kL∞ (I×Ω ) ≤ K.
(b) The first derivative of g is uniformly Lipschitz-continuous in u on bounded
sets, that is, for any S > 0 there is L(S) > 0 such that
k∂u g(·, ·, u1 ) − ∂u g(·, ·, u2 )kL∞ (I×Ω ) ≤ L(S)|u1 − u2 |
for any u1 , u2 ∈ R with |u1 |, |u2 | ≤ S.
(c) For almost all (t, x) ∈ I × Ω and all u ∈ R, the monotonicity condition
∂u g(·, ·, u) ≥ 0
is fulfilled.
For the data we require the additional regularity u0 ∈ L∞ (Ω ) and f ∈ Lq (I × Ω )
where q > d2 + 1.
The set of conditions (II) ensures additionally that a solution of the discretized problem can be obtained by Newton’s method. For the first case, it is shown for example
in [31, Chapter IV, §26] that the problem is well posed, for the second example a
proof can be found in [21].
One instance of a non-linearity g that fulfills the set of conditions (II) is a function
of the form g(t, x, u) = h(u) with h : R → R a two times continuously differentiable
and monotonically increasing map. Our first numerical example (see Section 8.1) is
of this type.

3 Galerkin discretization
To discretize the problem (1) in time we define a partition of the half open time
interval I˜ := (0, T ] into half open subintervals Im = (tm−1 ,tm ], with m = 1, . . . M and
0 = t0 < t1 < · · · < tM = T.
Furthermore, we denote the length of the subintervals by km = |Im | and the maximal
length of the time steps by k = max km . The test and trial space for the semidiscretization in time with a discontinuous Galerkin method of order r (dG(r) discretization) is
given as

Xkr := Ψ ∈ L2 (I,V ) Ψ |Im ∈ Pr (Im ,V ), m = 1, . . . , M ,
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where Pr (Im ,V ) denotes the space of polynomials up to degree r on the interval Im
with values in V . For functions Ψ ∈ Xkr we introduce the notations
Ψm− := lim Ψ (tm − ε),
ε&0

Ψm+ := lim Ψ (tm + ε) and
ε&0

[Ψ ]m := Ψm+ −Ψm− .

Then the standard formulation of the semidiscrete dG(r) equation reads: Find uk ∈ Xkr
such that
M
m=1

M−1

Z

∑ (∂t uk , Φ)Im +

I

a(uk )(Φ) dt +

∑ ([uk ]m , Φm+ ) = ( f , Φ)I

∀Φ ∈ Xkr ,

(2)

m=0

where [uk ]0 denotes u+
k,0 − u0 . The duality pairing in the time derivative term can be
replaced by an inner product here since the time derivative of a polynomial in Pr (V )
lies in Pr−1 (V ).
We assume that the semidiscrete equation has a unique solution, a proof of this
fact for the considered class of linear equations satisfying (I) can be found for example in [27, Chapter 12], however in the case of Neumann boundary conditions only
the case γ > 0 is covered. For the considered semilinear example (II) a proof is given
in [19].
To obtain a fully discrete equation, next the semidiscrete problem (2) needs to
be discretized in space. Therefore we consider shape-regular meshes Th on Ω consisting of open quadrilateral or hexahedral cells K, depending on whether the space
dimension d is 2 or 3, see, e. g., [5, Chapter 2]. The discretization parameter h for a
mesh Th = {K} denotes the maximal diameter of a cell K. We define a conforming
finite element space Vhs of order s on the mesh Th in the usual way via
Vhs := {vh ∈ V | vh |K ∈ Qs (K) for K ∈ Th } ,
where the polynomial space Qs (K) is obtained by bi- or trilinear transformation respectively from the space Qˆs (K̂) defined on the reference cell K̂ := (0, 1)d by
(
Qˆs (K̂) := span

d

∏

)
α
xj j

α j ∈ N0 , α j ≤ s .

j=1

Using the space Vhs we can define the fully discrete solution space

r,s
Xk,h
:= Ψ ∈ L2 (I,V ) Ψ |Im ∈ Pr (Im ,Vhs ), m = 1, . . . , M ⊆ Xkr .
Remark 1 (i) For simplicity, we consider only discretizations based on quadrilateral
or hexahedral cells, however note that the presented ideas can be applied on meshes
consisting of triangular and tetraedal cells almost without modification. (ii) Here we
chose the same spatial trial space Vhs for all time intervals. But due to the temporal
discontinuities of the space Xkr , a generalization of the described concepts to a spatial
discretization varying over time is straightforward. For example, one could choose an
individual mesh for each time step, see, e. g., [22].
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Since the considered spatial discretization is conforming, the semidiscrete equar,s
tion (2) translates directly to the fully discrete case. We search for ukh ∈ Xk,h
such
that
M

M−1

Z

∑ (∂t ukh , Φ)Im +

m=1

I

a(ukh )(Φ) dt +

∑ ([ukh ]m , Φm+ ) = ( f , Φ)I

(3)

m=0

r,s
holds true for all Φ ∈ Xk,h
.
Due to the discontinuity of the test space at the temporal nodes, we can choose
the test functions on each interval independently. By testing with functions that have
non-zero values on just a single time interval, we see that (3) is equivalent to the
implicit time stepping scheme

Z

(∂t ukh , Φ)Im +

Im

+
a(ukh )(Φ) dt + ([ukh ]m−1 , Φm−1
) = ( f , Φ)Im

∀Φ ∈ Pr (Im ,Vhs ), m = 1, . . . , M. (4)
Let
Pr (Im , R) | i = 0, . . . , r} be a basis of the polynomial space Pr (Im , R) and
 {ψi ∈
ϕn ∈ Vhs n = 1, . . . , N be a basis of Vhs . Then, {ψi ϕn | i = 0, . . . , r, n = 1, . . . , N}
forms a basis of Pr (Im ,Vhs ) and the time stepping equation (4) can be rewritten as a
system of (r + 1)N scalar nonlinear equations for each discretization interval
Z

(∂t ukh , ψi ϕn )Im +

Im

a(ukh )(ϕn ) · ψi dt + ψi (tn−1 )([ukh ]m−1 , ϕn ) = ( f , ψi ϕn )Im ,
i = 0, . . . , r, n = 1, . . . , N. (5)

4 Solution of the discrete equations by Newton’s method
To solve the nonlinear system (5) numerically, we apply Newton’s method. Starting
from an initial guess for the solution on the current interval, a sequence of approximations is computed by repeatedly solving the Newton update equation. Since we
restrict our considerations to the single time interval Im and in order to keep notations
simple, we will denote the Newton iterates by ulkh ∈ Pr (Im ,Vhs ) with the iteration
index l ∈ N0 without indicating the interval. We define the Newton residuals as
Rli,n := ( f , ψi ϕn )Im − (∂t ulkh , ψi ϕn )Im −

Z
Im

a(ulkh )(ϕn ) · ψi dt

l
+ ψi (tm−1 )(u−
kh,m−1 − ukh (tm−1 ), ϕn ),

i = 0, . . . , r, n = 1, . . . , N. (6)

We denote the partial derivative of the semilinear form a with respect to u evaluated
in direction δ u ∈ X and tested with Φ ∈ X by
a0u (u)(δ u, Φ) :=

d
a(u + τδ u, Φ)
dτ

τ=0

.
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l
Then the Newton update wlkh := ul+1
kh − ukh solves the linear system

(∂t wlkh , ψi ϕn )Im +

Z
Im

a0u (ulkh )(wlkh , ψi ϕn ) dt + ψi (tm−1 )(wlkh (tm−1 ), ϕn )
= Rli,n ,

i = 0, . . . , r, n = 1, . . . , N. (7)

Next, we write the Newton update in the chosen temporal and spatial basis, that
l ψ ϕ 0 with real coefficients W l . Collecting the temporal
is wlkh = ∑rj=0 ∑Nn0 =1 W j,n
0 j n
j,n0
derivative and jump terms simplifies the update equation to
r

"Z

N

∑∑

Im

j=0 n0 =1

Z

+
Im


∂t ψ j ψi dt + ψ j (tm−1 )ψi (tm−1 ) (ϕn0 , ϕn )
#

l
l
a0u (ulkh )(ϕn0 , ϕn ) · ψ j ψi dt W j,n
0 = Ri,n ,

i = 0, . . . , r, n = 1, . . . , N. (8)

For given i and j, evaluating the expression Im a0u (ulkh )(ϕn0 , ϕn ) · ψ j ψi dt for all n, n0 =
0, . . . , N corresponds to a weighted temporal integral over the stiffness matrix of the
linearized spatial differential operator, which is usually too expensive to be computed
numerically. Thus, we approximate it by a suitable mean value
R

Z
Im

a0u (ulkh )(ϕn0 , ϕn ) · ψ j ψi dt ≈ a0u (ulkh )(ϕn0 , ϕn )

Z
Im

ψ j ψi dt.

Since we perform a Newton iteration even for linear problems and the residual is
computed without this approximation, the accuracy of the computed final solution
is not affected. Rather, the convergence behaviour of the Newton iteration changes.
t
+t
Introducing the midpoint t˜m := m−12 m of the current time interval, the most obvious
choice for the mean value is
a0u (ulkh )(ϕn0 , ϕn ) := a0u (ulkh (t˜m ))(ϕn0 , ϕn ),
that is, we evaluate the derivative once at the midpoint of the time interval. For some
cases of highly non-linear problems, however, numerical tests indicate a more reliable
convergence of the Newton iteration when averaging a0u over the time interval with a
higher order quadrature formula like the two-point Gauss rule.
We introduce the mass matrix M ∈ RN×N and the averaged stiffness matrix Ā ∈
N×N
R
with the entries
Mn,n0 = (ϕn0 , ϕn ) and Ān,n0 = a0u (ulkh )(ϕn0 , ϕn ) respectively.
With the notations
Z

αi j :=

Im

∂t ψ j ψi dt + ψ j (tm−1 )ψi (tm−1 ) and βi j =

1
km

Z
Im

ψ j ψi dt,
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the Newton update equation with the approximation for the linearized form discussed
above reads


α00 M + km β00 Ā α01 M + km β01 Ā · · · α0r M + km β0r Ā W l  Rl 

  0l   0l 
..
..
α10 M + km β10 Ā
 W1  R1 
.
.

 .  =  . ,

 .   . 
..
.
..
..
.

 .
.
.
l
Rlr
Wr
αr0 M + km βr0 Ā
···
· · · αrr M + km βrr Ā

(9)

T
T
l ··· Wl
and Rli := Rli,1 · · · Rli,N collect the corwhere the vectors W jl := W j,1
j,N
rections and residual terms respectively for one temporal basis function.
For fixed r we can give explicit representations for the coefficients αi j and βi j as
shown in the following lemma.


t−tm−1 µ
Lemma 1 If we represent the temporal basis {ψ j } as ψ j (t) = ∑rµ=0 cµ j
km
and denote the corresponding coefficient matrix by C := (cµ j )µ, j∈{0,...,r} , we get the
explicit representations
A = CT GC and B = CT HC
for the matrices A := (αi j )i, j∈{0,...,r} and B := (βi j )i, j∈{0,...,r} . Here, H denotes the
1
(r + 1)-dimensional Hilbert matrix, that is, Hµν = µ+ν+1
, and the entries of G are
ν
given by G00 = 1 and Gµν = µ+ν for the remaining entries.
Proof Transforming the integral βi j =

1
Im km ψ j ψi dt

R

r

Z 1

βi j =

0

ψ j (km τ)ψi (km τ) dτ =

r

=

r

cµi

∑
µ=0

∑

Z 1

ν=0 0

r

∑∑

to the unit interval yields

Z 1

cν j cµi τ µ+ν dτ

µ=0 ν=0 0
r
r

τ µ+ν dτ cν j =

1
cν j .
µ
+
ν +1
ν=0

∑ cµi ∑
µ=0

Rewriting this identity in terms of matrix products gives the representation formula
for B. To derive a representation for A we start again by transforming the integral to
the unit interval and get
Z 1

αi j =

0

km ∂t ψ j (km τ)ψi (km τ) dτ + ψ j (tm−1 )ψi (tm−1 )

Z 1

=
0

∂τ ψ j (km τ)ψi (km τ) dτ + c0 j c0i .

We proceed as above by plugging in the monomial representation for the temporal
basis, evaluating integrals and derivatives of the monomials and rewriting the result
in terms of matrix products.
t
u
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For order r = 0, the resulting scheme is some variant of the well known implicit
Euler method, depending on how the temporal integrals in the residual terms are
evaluated. This type of scheme is easy to implement on top of existing finite element
code for elliptic spatial problems, as long as the matrices M and Ā can be assembled,
a linear solver for those matrices is available and elementary vector operations are
implemented. If the order r is greater than 0, however, the update equation (9) has
higher dimension than the corresponding spatial problem. So a matrix with higher dimension and a different sparsity pattern has to be assembled and solved for. Our goal
is now to avoid assembling the full system (9). For this purpose we will approximate
it by a scheme consisting of several solution steps of essentially the same form as for
the implicit Euler and requiring only matrices and vectors of dimension N = dimVhs .

5 Inexact solver for the linear subproblems
The matrix of the equation system (9) for the Newton update is of size (r + 1)2 N 2
where N is the number of degrees of freedom for the spatial discretization. Hence it
is computationally expensive to assemble it completely. In addition depending on the
structure of the underlying finite element code for the spatial problem it might not
be straightforward to incorporate a matrix of greater dimension than what the spatial
discretization suggests. Our approach to work around assembling the whole system
matrix is based on block-wise elimination.
To apply block elimination to the update equation (9) it is required that the blocks
of the matrix commute, which can be achieved by multiplying all block equations
from left with the inverse mass matrix. All blocks of the resulting matrix contain
linear combinations of the identity matrix and the matrix L := km M −1 Ā which makes
them commute.
Note that the matrix L is in general not symmetric, but has non-negative real
spectrum if the assumptions we made in Section 2 for the operator A are fulfilled. This
can be seen by looking at an eigenvalue λ of L and the corresponding eigenvector v.
We have Lv = λ v which is equivalent to Āv = λ km Mv. Multiplying with the conjugate
∗
transpose v∗ of v and solving for λ gives λ = kmvv∗ĀvMv and since the right hand side of
this identity is a non-negative real value the same holds for the eigenvalue λ .
Block-wise row operations transform the system (9) into a system of the form

p00 (L) p01 (L) · · · p0r (L) W l 

..  W0l 
 0 p11 (L)
. 

  .1 
=
 .
..  
.
.
 . 
.
.
.
 .
.
.
.  .
Wrl
0
···
0 prr (L)



p̂0 j (L)Rlj
 p̂1 j (L)Rl 
j
∑
 ... 
j=0
p̂r j (L)Rlj


r

(10)

with the polynomials p̂i j representing the transformations of the right hand side.
Since we did not require a particular strategy for the elimination process (like, e. g.,
LU decomposition or LU decomposition with pivoting), the above system is not
uniquely determined for given order r and temporal basis.
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The blocks of the upper triangular matrix consist of polynomials pi j of at most
degree i + 1 in the matrix L. The polynomials on the right hand side p̂i j have maximally degree i. However, lower degree can be achieved in some cases by a careful
elimination strategy. Obviously it is not feasible to solve equations involving polynomials of order greater than one in L as matrices since taking powers of the matrix Ā
will result in a matrix with largely increased stencil and condition number. Therefore
those higher order polynomials can only be dealt with efficiently if they can be decomposed into linear factors. If that is possible, solving with them as matrix can be
done in several steps with matrices of the form Id +θ L. To avoid assembling L, the
equations for those steps can be multiplied from left by M on both sides.
The obvious question is now whether the temporal basis and the elimination strategy can be chosen in such a way that all polynomials pii with i = 0, . . . , r have real
roots and therefore can be decomposed into linear factors. To gain insight into this
issue, we consider a simple homogeneous ordinary differential equation in one dimension,
ut + λ u = 0, u(0) = u0
(11)
for some λ > 0 as test problem.
Since the problem is linear, the Newton iteration reduces to a single step of solving the linear subproblem (9) and if we choose U 0 = 0 as starting value, the update
W 0 from the first step is already the dG(r) solution of the problem on the current
interval represented with respect to the chosen temporal basis.
Next, we need to establish a link between the dG(r) solution of this problem and
a Padé approximation of the exact solution e−λt .
The [r/r + 1]-Padé approximation of e−λ is a rational function in λ with enumerator of maximal degree r and denominator of maximal degree r + 1 that approximates
e−λ up to an error of O(λ 2r+2 ). If enumerator and denominator are required to have
no common roots, it is uniquely determined (see, e. g. [3]).
Lemma 2 Let U1 be an approximate solution of the test problem (11) at time T = 1
obtained by a single dG(r) time step. Then the identity U1 = Qr,r+1 (λ )u0 holds, where
Qr,r+1 denotes the [r/r + 1]-Padé approximation of the exponential e−λ .
Proof A proof of this statement can be found in [14].

t
u

Lemma 3 For any choice of the temporal basis and arbitrary elimination strategy,
the denominator of the [r/r + 1]-Padé approximation of e−λ divides the product
∏ri=0 pii (λ ) of the diagonal elements on the left hand side of (10).
Proof Fixing a temporal temporal basis {ψi }ri=0 , we consider again the approximate
solution U1 of the test problem (11) at time T = 1 computed in a single time step. If
we start the Newton iteration with U 0 = 0, then the residual for the first iterate is given
by R0i = ψi (0)u0 and after solving the Newton update equation (9) we obtain U1 =
∑ri=0 ψi (1)Wi0 . Expressing the components Wi0 of the Newton update by backward
substitution in the triangular system (10) gives
r

r

U1 = ∑ ψi (1)Wi0 = ∑ ψi (1)
i=0

i=0

∑rj=0 p̂i j (λ )ψ j (0)u0 − ∑rj=i+1 pi j (λ )W j0
.
pii (λ )
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If we substitute the solution components W j0 recursively by their explicit representations computed from backward substitution, this results in an expression of the form
U1 =

κ(λ )
u0 ,
τ(λ )

with κ and τ being polynomials with respect to λ . Note that τ(λ ) divides ∏ri=0 pii (λ ).
On the other hand, we know from Lemma 2 that U1 can be written in terms of the
[r/r + 1]-Padé approximation Qr,r+1 which gives the identity
κ(λ )
= Qr,r+1 (λ ).
τ(λ )
It is shown in [20, Chapter V] that the Padé table for e−λ is normal and hence the
denominator of the [r/r + 1]-Padé approximation of e−λ has exactly degree r + 1 for
any r and no terms in the Padé approximation cancel out. Hence the denominator
divides τ(λ ), which shows the claim.
t
u
The previous lemma implies that all factors of the denominator of the [r/r + 1]Padé approximation occur in the polynomials pii that show up on the left hand sides of
the equations which constitute the decoupled system. Therefore the initial question
whether those polynomials can be decomposed into linear factors is related to the
question whether the denominator of the Padé approximation can be decomposed
into linear factors.
As an immediate consequence from Theorem 8 in [28], this denominator has no
more than one simple real root. Thus, for r greater than zero, it is not possible to
find a decoupled solution scheme where all polynomials pii can be decomposed into
linear factors over the real numbers.
The same problem was encountered by Schötzau, Schwab and coworkers (see,
e. g., [23]) when attempting to decouple the equation system by means of diagonalization. Their solution consists of switching to complex arithmetics. We want to avoid
this for two reasons. First the added computational effort for complex calculations is
significant, second and more importantly, not for every existing finite element code
the implementation of complex equations is straightforward.
The approach we want to take here is to replace polynomials with complex roots
by approximations with only real roots. As a consequence the Newton update equation (9) will be solved only approximately. However we will show that under certain
conditions the resulting inexact iteration still converges rapidly to the exact solution
albeit requiring some more Newton steps.
From Lemma 3 we know that it cannot be circumvented to approximate the denominator of the [r/r + 1]-Padé approximation. Therefore we attempt to avoid further
terms with complex roots in the diagonal polynomials pii . For the last polynomial prr
such terms cannot occur as the following lemma shows.
Lemma 4 For any choice of the temporal basis and arbitrary elimination strategy,
the polynomial prr divides the denominator of the [r/r + 1]-Padé approximation.
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Proof Considering again the test problem (11), an equation for Wr0 can be derived
alternatively by applying Cramer’s rule on (9). Denoting the columns of the matrices
A and B as defined in Lemma 1 by A j and B j respectively and the vector of the
residuals by R0 we obtain

det(A + λ B)Wr0 = det A0 + λ B0 , A1 + λ B1 , . . . , Ar−1 + λ Br−1 , R0 .
(12)
Since the polynomial degree of prr is less or equal r + 1 and the solution Wr0 is
uniquely determined for each λ , prr divides det(A+λ B). For the polynomial det(A+
λ B), we obtain with Lemma 1
det(A + LB) = det(CT ) det(G + LH) det(C),
and therefore except for multiplication by a scalar constant the same polynomial for
any choice of the temporal basis. This polynomial has to be the denominator of the
[r/r + 1]-Padé approximation. To see this, we choose a Lagrange basis with the last
node at the end of the time interval. In that case, we have Wr0 = U1 and Lemma 2
shows the claim.
t
u
From now on we only consider bases where prr is a scalar multiple of the denominator of the Padé approximation. This has two reasons: on the one hand without
further structural insight it is difficult to find a basis for which prr is of lower degree
than r + 1 and on the other hand this allows for a more efficient approximation of the
factors with complex roots as we shall see.
Next we answer the question how to approximate the denominators of the Padé
approximation in order to avoid complex roots. Since the spatial differential operator
was chosen in such a way that the spectrum of the matrix L is real and positive, it
is sufficient if the approximation is of good quality for positive real numbers. This
motivates measuring the approximation quality of a given approximation p̃rr by the
quantity
o
n
)
+
|
λ
∈
R
,
γr := sup 1 − pp̃rrrr (λ
0
(λ )
which gives the maximal relative error for positive real numbers.
The polynomials prr for r ≤ 6, together with possible approximations p̃rr and
corresponding quality values γr are listed in Table 1. The approximations were chosen to be exact for λ = 0 and asymptotically exact for λ → ∞, which fixes the first
and last coefficient. Approximating by a polynomial consisting of identical linear
factors turned out to yield smaller γr than decomposing p into quadratic factors and
approximating those individually. As an additional benefit, the resulting numerical
algorithm uses the same matrix for each of the intermediate solution steps, which
reduces computing time.
So instead of computing the exact Newton update Wrl , we use the approximation
l
e
Wr given by
r

erl =
p̃rr (L)W

∑ p̂r j (L)Rlj .

j=0

(13)
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Table 1 Polynomials prr and their approximations for different values of r
r

prr (λ )

1

1 + 23 λ + 16 λ 2

2

3 2
1 3
1 + 35 λ + 20
λ + 60
λ
1 2
2
1
4
λ4
1 + 7 λ + 7 λ + 105 λ 3 + 840
5 2
5
5
1
1 + 59 λ + 36
λ + 252
λ 3 + 3024
λ 4 + 15120
λ5
6
3 2
2 3
1
1
4
5
1 + 11 λ + 22 λ + 99 λ + 528 λ + 9240 λ
1
+ 332640
λ6
7
7 2
35
7
7
1 + 13 λ + 52
λ + 1716
λ 3 + 3432
λ 4 + 51480
λ5
7
1
6
7
+ 1235520 λ + 8648640 λ

3
4
5
6

p̃rr (λ )
q
(1 + 16 λ )2
q
1
(1 + 3 60
λ )3
q
1
(1 + 4 840
λ )4
q
1
(1 + 5 15120
λ )5
q
6
1
(1 + 332640 λ )6
(1 +

q
7

1
7
8648640 λ )

γr
0.092
0.169
0.238
0.301
0.359
0.412

This equation can be solved in r + 1 solution steps with the linear factors of p̃rr (L)
e l , . . . ,W
e l for the other solution components,
as matrix. To obtain approximations W
0
r−1
erl in (10). To ensure that this works without
we perform backward substitution with W
requiring powers of the matrix L and therefore further approximations, it is necessary
that the polynomials pii for i = 1, . . . , r − 1 can be decomposed into linear factors
over R. Moreover if the roots of the linear factors were contained in the spectrum of
L, the matrix we have to solve for would become singular. To rule out this possibility
all roots of the polynomials pii should be negative. From our computations we know
that this can be achieved by judicious choice of the temporal basis {ψ j } and a suitable
elimination strategy at least up to order r = 4. However it is not known if complex
and non-negative roots can be avoided for any r.
In total, for a given triangular system (10) and an approximation p̃rr of the bottom
right polynomial, the approximate Newton update is the solution of

p00 (L) p01 (L) · · · p0r (L) W
e l

..   e0l 
W1 
 0 p11 (L)
. 


=

 .
..   .. 
..
..

 ..
.
.
.  .
erl
W
0
···
0 p̃rr (L)



p̂0 j (L)Rlj
r 
p̂1 j (L)Rlj 

∑
 ... .
j=0
p̂r j (L)Rlj


(14)

If we use the presented approximation scheme for the Newton update equation,
the resulting inexact Newton iteration takes the form of Algorithm 1.

6 Convergence of the inexact Newton iteration
The proposed solution scheme for the Newton update equation can be seen as an
inexact Newton iteration involving three sources of inexactness: averaging the matrix
Ā over the time interval introduced an error into the Jacobian, another inexactness
was introduced by the approximation of prr by p̃rr proposed in the previous section
and finally since the dimension of the resulting linear systems is large, they have to
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Algorithm 1
e0
Require: Starting value U
1: for l = 0, 1, 2, . . . do
2:
Compute residuals Rl0 , . . . , Rlr from (6)
3:
if stopping criterion fulfilled then
4:
break
5:
end if
erl from last row of (14)
6:
Compute approximate last update component W
l
e
e l by backward substitution in (14)
7:
Compute remaining update components W0 , . . . , W
r−1
e l+1 := U
el + W
el
8:
Set U
9: end for

be solved iteratively. In our numerical realization we employ a multigrid solver with
an incomplete LU decomposition as smoother for this purpose.
The latter error can be neglected here since we require a low relative tolerance for
the linear solver. That means the multigrid iteration is only terminated when the error
is smaller than what the termination criterion for the Newton iteration allows.
To assess the inexactness introduced by averaging the stiffness matrix, we need
a priori knowledge about the non-linearity under consideration. Since this error can
be reduced if necessary by choosing a smaller time step and vanishes for the linear
case, we wont analyse it either. This seems justified because most existing implicit
Runge-Kutta implementations perform a similar approximation by evaluating the Jacobian only at the initial value and strategies exist to counter non-converging steps
by adaptively reducing the size of the time step (see for example [11]).
Instead we focus on the influence of replacing prr by p̃rr . The impact of the proposed approximation for the linear sub-problems on the convergence of the Newton
iteration can be analysed in the context of inexact Newton methods. Such methods
are characterized by the fact that they do not compute the exact Newton update W l
e l . Convergence results are typically given in terms of
but only an approximation W
the relative error of the approximation. The following lemma gives an estimate for
the relative error of the proposed approximated Newton update.
e l be the solution of (14) and W l
Lemma 5 For a fixed approximation scheme, let W
be the solution of the exact update equation (10). Moreover, let the rational functions
q j , j = 0, . . . , r be defined recursively by
qr (λ ) := 1 − [ p̃rr (λ )]−1 prr (λ ),
qi (λ ) := [pii (λ )]−1

r

∑

pi j (λ )q j (λ ) for i = 0, . . . , r − 1.

j=i+1

We assume that all roots of the polynomials pii are negative for all i = 0, . . . , r − 1.
e l , the estimate
Then for the relative error of the approximated Newton update W
e l k22 ≤ νr kW l k22
kW l − W
holds with

r

νr := ∑ sup qi (λ )2 λ ∈ R+
0 .
i=0
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Proof We split the error into its components
r

e l k22 = ∑ kWil − W
eil k22
kW l − W
i=0

and start by deriving an explicit representation for the last component of the error in
terms of the exact update. From (10) and (14) we obtain
erl = R̄r = prr (L)Wrl ,
p̃rr (L)W
and therefore


erl = Id − [ p̃rr (L)]−1 prr (L) Wrl = qr (L)Wrl .
Wrl − W
For the other components, the block upper triangular system (10) gives by means of
backward substitution
"
#
h
i
r
−1
l
l
l
l
ei = [pii (L)]
Wi − W
∑ pi j (L) We j −W j .
j=i+1

An induction argument results in the representation
eil = qi (L)Wrl
Wil − W
for i in {0, . . . , r − 1}. In terms of those explicit representations, the error of the approximated Newton update reads
r

r

r

e l k22 = ∑ kqi (L)Wrl k22 ≤ kWrl k22 ∑ kqi (L)k22 ≤ kW l k22 ∑ kqi (L)k22 .
kW l − W
i=0

i=0

i=0

Note that especially for large r the last step can be a considerable overestimation
of the true error. Computing the matrix norms on the right hand side with analytic
functional calculus (see for example [6, Chapter VII]) gives
r

e l k22 ≤ kW l k22 ∑ sup qi (λ )2 λ ∈ σ (L) ,
kW l − W
i=0

where σ (L) denotes the spectrum of L. Functional calculus can be applied here since
due to the assumption that all roots of the diagonal polynomials pii for i = 0, . . . , r − 1
are negative, the rational functions qi are analytic in a neighbourhood of σ (L). Recalling that σ (L) ⊆ R+
t
u
0 , the assertion is shown.
A good approximate linear solution scheme for a dG(r) method should attempt to
minimize the estimate from Lemma 5 for all matrices L with positive and real spectrum. A lower bound for the best possible estimate is given by the quality value γr
of the approximating polynomial p̃rr . Besides that, the choice of the temporal basis
and the strategy employed for the block elimination have a significant impact on the
estimate.
Since the estimate for the relative error of the Newton update is independent of the
iteration index l and in particular not decreasing for large l, we cannot expect to prove
super-linear convergence for the inexact Newton iteration. For linear convergence we
quote the following special case of a theorem given in [32].
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Theorem 1 Let F : D ⊆ Rd → Rd vanish at Û ∈ Rd , that is, F(Û) = 0. We further assume there exists ρ > 0 such that F is Fréchet differentiable in Bρ (Û) with invertible
Jacobian and fulfils

µ := sup kDF(Û)−1 (DF(V ) − DF(W ))k2 V 6= W ; V,W ∈ Bρ (Û) < ∞.
e l for l ∈ N with the update W̃ l
Moreover, let ν < 1, U 0 ∈ Bρ (Û) and U l+1 = U l + W
satisfying
e l −W l k2
kW
≤ ν,
kW l k2
where W l is the exact Newton update at U l given by
DF(U l )W l = −F(U l ).
Then the sequence {U l } of the inexact Newton iterates satisfies
kU l+1 − Ûk2 ≤ ηkU l − Ûk2 , with η = ν +

(1 + ν)µ
.
1−µ

(15)

To apply this theorem to our solution scheme, we choose F to map a nodal representation vector U of a discrete function ukh to the corresponding residual vector. Since
µ can be made arbitrarily small by decreasing ρ, this shows local linear convergence
almost with the rate νr for an approximate solution scheme of the presented form
e l can be shown to be less than
if the relative error νr of the approximate update W
one by means of Lemma 5. That means if the starting value for the Newton iteration is sufficiently close to the solution on the current time step, the Newton iteration
will converge linearly with rate almost νr to the solution. Since we start the iteration
with the value at the end of the last time step, this can be ensured if the time step is
sufficiently short.

7 Realizations for first to third order
In this section we present concrete realizations of simplified solution schemes of first,
second and third order constructed according to the described principles. It turned
out that for those orders all requirements for a well-working scheme discussed in the
previous sections can be met when using Lagrange polynomials with equally spaced
nodes including the end points of the time interval as temporal basis. This allows for
an immediate interpretation of the computed solution components as nodal values.
Due to the involved formulas the complete schemes for dG(2) and dG(3) are to
be found in the appendix.
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7.1 Scheme for dG(1)
For the dG(1) scheme with Lagrange basis on the time interval the update equation (9)
with the coefficients αi j and βi j from Lemma 1 reads
  l   −1 l 
 1
1
1
1
W0
M R0
2 Id + 3 L 2 Id + 6 L
=
.
(16)
W1l
M −1 Rl1
− 12 Id + 61 L 12 Id + 13 L
Note that the equation was scaled block-wise with the inverse mass matrix to allow
for block elimination. Solving for W1l gives the expression






1
2
2
1 2
l
−1 l
Id + L + L W1 = Id − L M R0 + Id + L M −1 Rl1 .
3
6
3
3

2
We approximate the polynomial on the left hand side by Id + √16 L (see Table 1).
e l by adding the first
To allow for reuse of thisq
matrix, we derive the equation for W
0 q
row of (16) multiplied by 23 + 32 to the second row multiplied by 23 − 43 . Then we
have p00 (λ ) = 1 + √16 λ and get
√
√


1
6 − 4 −1 l
2 + 6 −1 l
l
e
Id + √ L W0 =
M R0 +
M R1 −
3
3
6

!
√
√
6−1
6−2
e1l
Id +
L W
3
6

e l can be split into two steps introducing a temporary variable Ve l . Since
Computing W
1
1
the matrix L = km M −1 Ā cannot be assembled efficiently, we multiply the three equations of the resulting solution scheme by M and obtain the computable scheme
!
r


1
1
M+
km Ā Ve1l = Rl0 + Rl1 + km ĀM −1 2Rl1 − Rl0 ,
6
3
!
r
1
e1l = MVe1l ,
km Ā W
M+
6
!
!
r
√
√
√
√
1
2
+
6
6
−
4
6
−
1
6
−
2
e0l =
e1l .
M+
km Ā W
Rl0 +
Rl1 −
M+
km Ā W
6
3
3
3
6
Evaluating
this scheme involves three linear solution steps with the same matrix
q
1
M + 6 km Ā. Note that each of the solution steps has the same basic structure as
an implicit Euler time step. In addition to that we have to solve one time for the mass
matrix when assembling the right hand side for the first equation. However, solving
for the mass matrix will typically be quite cheap since on uniformly refined grids its
condition number is approximately one which allows for efficient solution for example with the conjugate gradient method. For non-uniform grids like the ones resulting
from adaptive refinement, a Jacobi preconditioner will give comparable efficiency,
see for example [29]. To assess the contraction rate we can expect from this scheme,
we estimate the rational functions q0 and q1 as defined in Lemma 5 and obtain
|q0 (λ )| ≤ 0.0321

and |q1 (λ )| ≤ γ1 = 0.092

for λ ∈ R+ .
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Hence, Lemma 5 yields the estimate
e l −W l k2 ≤ 0.097kW l k2 .
kW
7.2 Scheme for dG(2)
For the dG(2) method, again using the Langrange basis, the coefficient matrices evaluate to
 2 1

 1 2 1
1
2
3 −6
15 15 − 30
1 8
1 
B =  15
A = − 32 0 23  and
15
15 .
1 1
1
2
1
2
− 30 15 15
6 −3
2
As in the dG(1) case, we solve (9) (after block-wise scaling with M −1 ) for W2l and
el
apply the polynomial approximation from Table 1 on the left hand side to get for W
2
r
Id +

3

1
L
60

!3
e2l = Gl
W

with some right hand side Gl depending on the residuals. After decomposition into
three steps, this time using two temporary values Ve1l and Ve2l and subsequent scale2 which is given in
ing with the mass matrix, we obtain a computable scheme for W
Equation (19) in the appendix.
e l next, we get p11 (L) = Id − 2 L. This matrix can
If we attempt to solve for W
1
5
become singular if L has the Eigenvalue 52 , which puts a severe restriction on the
range of valid step sizes and prevents the application of Lemma 5. However, first
e l gives a matrix that does not suffer from this problem. Formally, this
solving for W
0
e l we reuse the
is equivalent to a permutation of the Lagrange basis. For computing W
1
l
e . This results in the two solution steps shown in
left hand side that was used for W
0
Equation (20) in the appendix.
Concerning the computational effort of this scheme, we note that for computing
e l , three solution steps with identical matrices are carried out. Computing the other
W
2
two components involves two inversions of one additional matrix. So in total five
linear equation systems involving two different system matrices have to be solved.
Additionally, two inversions of the mass matrix are required for assembling the right
hand side.
For this dG(2) scheme, the rational functions qi defined in Lemma 5 can be estimated by
|q0 (λ )| ≤ 0.085,

|q1 (λ )| ≤ 0.161

and |q2 (λ )| ≤ γ2 = 0.169

This gives the upper bound
e l −W l k2 ≤ 0.248kW l k2
kW
for the contraction estimate .

for λ ∈ R+ .
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7.3 Scheme for dG(3)
e3 with the proposed
For dG(3), we start once more by computing the last component W
approximate scheme using the polynomial from Table 1, which results in the scheme
with four solution steps given in Equation (21) in the appendix.
Computing the next solution component leads to a quadratic polynomial in L on
e l first, this polynomial has two
the left hand side. It turns out that when solving for W
0
negative roots, that is, we can decompose it into linear factors and get an equation of
the form



2
2
e0l = Gl0
√ L
√ L W
Id +
Id +
13 + 29
13 − 29
which can be solved in two steps.
The remaining two components are computed in such a way that we can reuse
e l.
the matrix on the left hand side of the equation for the second step of computing W
0
l
l
l
The complete scheme for computing W̃0 , W̃1 and W̃2 is given in Equation (22) of the
appendix.
One Newton step with this scheme requires the solution of eight linear equation
systems with three different system matrices and four inversions of the mass matrix
for assembling the right hand side, whereas the full scheme would use a matrix with
sixteen times larger stencil than that of each system matrix. The rational functions qi
for the dG(3) scheme can be estimated by
|q0 (λ )| ≤ 0.084, |q1 (λ )| ≤ 0.033, |q2 (λ )| ≤ 0.016, and |q3 (λ )| ≤ γ3 = 0.238
for λ ∈ R+ . Hence the total contraction estimate according to Lemma 5 reads
e l −W l k2 ≤ 0.256kW l k2 .
kW
8 Numerical results
In this section we demonstrate the advantages of the proposed evaluation schemes
by numerical experiments on two examples. First we consider a simple semilinear
equation in two space dimensions (see Section 8.1). As a second test case, a model
for a combustion process is studied in Section 8.2. All computations were carried
out using the finite element library Gascoigne [25] and some subroutines from the
optimization package RoDoBo [26].

8.1 Example 1: Semilinear Test Problem
As a first test-case we study a simple semilinear equation. For the spatial domain we
choose the two-dimensional unit square Ω = (0, 1)2 and consider the equation
∂t u − ∆ u + u3 = f
u|∂ Ω = 0
u(0) = 0

in I × Ω ,
on I × ∂ Ω ,

(17)
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Fig. 1 Example 1: Discretization error ku − ukh kI for space discretization with 4096 biquadratic elements

on the time interval I = (0, 21 ). The right hand side is given by

f (t, x1 , x2 ) = sin(πx1 ) sin(πx2 ) π 2 cos(π 2t) + 10
+ sin(π 2t) + 10t

i
h 2
2
2π + sin(π 2t) + 10t sin(πx1 )2 sin(πx2 )2 .

This problem has the exact solution

u(t, x1 , x2 ) = sin(π 2t) + 10t sin(πx1 ) sin(πx2 )
and it can be seen easily that the set of assumptions (II) is satisfied.
To analyse the error of the temporal dG(r) semidiscretization for different r and
different step sizes k we use a fixed spatial mesh consisting of 4096 equally-sized
quadrilaterals. The space discretization is done with biquadratic Lagrange elements
and for the time discretization we consider a sequence of uniformly refined meshes
with equidistant nodes, that is, we have k = 1/M. Figure 1 shows the behaviour of the
discretization error with respect to the L2 norm on I × Ω for orders r = 1, 2, 3. The
convergence order O(kr+1 ) of the dG(r) method can be observed in all three cases
until reaching the spatial accuracy.
Figure 2 shows the accuracy of the computed solution at final time T , measured
with respect to the L2 (Ω ) norm. For the dG(1) and dG(2) method, nodal superconvergence of third and fifth order respectively at the last time node is observed clearly.
This shows that nodal superconvergence with order 2r + 1, which was proved for
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Fig. 2 Example 1: Discretization error ku(T ) − ukh (T )k at final time T for space discretization with 4096
biquadratic elements

example in [27, Chapter 12] for linear equations, occurs also for this nonlinear problem. For the dG(3) method, tests with an ODE version of the test equation reveal that
superconvergence occurs only for very short time steps, therefore in the PDE case
it cannot be observed due to the dominance of the spatial discretization error. We
assume that the missing superconvergence for larger time steps can be attributed to
order reduction phenomenons similar to those discussed in [10].
To evaluate the computational cost of the proposed simplified dG(r) scheme, we
compare its run time to the run time of solving the full Newton equation (7). For the
full Newton update, we consider on the one hand solving the update equation (9), that
is, averaging the Jacobian of the partial differential operator over the time interval,
and on the other hand assembling the blocks of the Jacobian exactly by integrating
the derivatives of the semilinear form with an r + 1 point Gauss formula on each time
interval. Since the sizes of the involved matrices and vectors are different for the full
schemes and the simplified approach, it seems not reasonable to compare counts of
matrix and vector operations. Instead we implemented all three approaches on top of
the same finite element code while restricting the overhead to a minimum in order to
obtain comparable CPU times.
In all three cases, we recompute the Jacobian not in every iteration, but only
when the contraction rate with respect to the residual becomes too large. This is a
common practice to improve the speed of implicit single step methods. Since for exact
Newton’s method we expect fast superlinear convergence, the matrix will be kept for
the next step only if the contraction rate is no worse than 0.01. For our simplified
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iteration, this setting is not reasonable since our convergence estimate predicts the
rate of convergence to be around νr . Hence we choose the threshold 0.01 + νr for
the simplified scheme. The full Newton scheme with averaged Jacobian is an inexact
Newton’s method as well, therefore we use the same thresholds 0.01 + νr .
For the dG(1) method we obtain comparable run times for the exact Jacobian
and for our simplified scheme, as seen in Figure 3(a). Therefore the results for the
averaged Jacobian are omitted. The performance of the second and third order methods can be seen from Figure 3(b) and Figure 3(c). Except for very small time steps,
the simplified solution schemes provide a considerable speed improvement over both
variants involving a full-sized Jacobian. From the gap between the exact and the averaged Jacobian we conclude that the computational costs of integrating the Jacobian
with respect to time clearly outweigh the gains from quadratic convergence of the
nonlinear solver. This provides a justification for averaging it in each time interval.
In Figure 3(d) we compare how computing time relates to the obtained accuracy
for the simplified schemes of first to third order. Although the required computations
are getting considerably more involved and the contraction rate of the approximate
Newton iteration drops when increasing the order, using higher orders pays off for
the test example since the number of time steps to reach a desired accuracy is greatly
reduced.
8.2 Combustion problem
The equation for this test problem gives a simplified model for a gaseous combustion
process and is taken from [13, Chapter VII, §2]. We consider a simple one-species
reaction. Under the low Mach number hypothesis and with further approximations
the motion of the fluid becomes independent from temperature and concentration of
the species. With a prescribed solenoidal velocity field we can separately solve the
equations for concentration and temperature of the species. Here we will assume the
velocity to be zero.
We denote the species concentration by Y and introduce the dimensionless temperature
T − Tunburnt
θ=
Tburnt − Tunburnt
Then the combustion process is modelled by the two equations
∂t θ − ∆ θ = ω(Y, θ ),
1
∂t Y − ∆Y = −ω(Y, θ ),
Le

(18a)
(18b)

where the Lewis Number Le is the ratio of diffusivity of heat and diffusivity of mass.
The reaction mechanism is a simple one-species mechanism governed by an Arrhenius law
β (θ −1)
β2
ω(Y, θ ) =
Ye 1+α(θ −1)
2Le
in which an approximation for large activation energy has been employed. Here, we
consider a freely propagating laminar flame in two space dimensions and its response
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Averaged Jacobian
Integrated Jacobian
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Run time [s]
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M

M
(a) Run time comparison for dG(1)

(b) Run time comparison for dG(2)

Simplified scheme
Averaged Jacobian
Integrated Jacobian

dG(1)
dG(2)
dG(3)

10−1

Run time [s]

10−3

Error ku − ukh kI

10−2

102

10−4
101
10−5
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M

(c) Run time comparison for dG(3)

102 100

101
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Run time [s]
(d) Relationship between run time and global accuracy of the solution with respect to the L2 norm
for the reduced schemes

Fig. 3 Example 1: Performance comparison of different solution schemes
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Fig. 4 Example 2: Spatial domain Ω for the combustion problem

to a heat absorbing obstacle, a set of cooled parallel rods with rectangular cross section as seen in Figure 4. The boundary conditions are chosen as
θ =1

on ΓD × (0, T ),

Y =0

on ΓD × (0, T ),

∂n θ = 0

on ΓN × (0, T ),

∂nY = 0

on ΓN × (0, T ),

∂n θ + kθ = 0

on ΓR × (0, T ),

∂nY = 0

on ΓR × (0, T ),

were the Robin boundary condition on ΓR models the heat absorption of the rods.
To complete the description of this test problem, we indicate the initial condition as the analytical solution of a one-dimensional right-traveling flame in the limit
β → ∞ located left of the obstacle

1
for x1 ≤ x̃1
θ (0, x) = x̃1 −x1
on Ω ,
e
for x1 > x̃1

0
for x1 ≤ x̃1
on Ω ,
Y (0, x) =
1 − eLe(x̃1 −x1 ) for x1 > x̃1

together with the set of parameters
Le = 1,

α = 0.8,

β = 10,

k = 0.1,

x̃1 = 9.

The well-posedness of the problem can be shown by standard arguments employing Brouwer’s fixed point theorem. Regarding our assumptions on the derivative of
the spatial part of the differential operator, we note that it is obviously self-adjoint.
Numerical evaluation of the spectrum of the resulting stiffness matrices after discretization suggests that it is also positive.
We simulate the propagating flame on the time interval (0, 60). The physical quantity we are interested in is the mean reaction rate over the whole simulated time. It is
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dG(3)
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Error |J(θkh ,Ykh ) − J|ˆ
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M

Fig. 5 Example 2: Error |J(θkh ,Ykh )− J|ˆ of the dG solution with order 1 to 3 for uniform time discretization
with M time steps

given by
J(θ ,Y ) =

1
60|Ω |

Z 60 Z

ω(θ ,Y ) dx dt.
0

Ω

To get an idea what rate of convergence to expect for this functional, we consider
the weak formulation of the temperature equation (18a) and test with the constant
function with value 1. Then, apart from a scalar factor, the right hand side becomes
the functional J. On the left hand side, the spatial operator vanishes and we are left
with integrals over the time derivative of the temperature and over boundary terms.
The integral over the time derivative amounts to the value of the temperature at the
final time, therefore this term should expose superconvergence. For the boundary
terms, however, we only expect them to converge with order r + 1. So in total for
the functional J convergence with at most order r + 1 can be expected but it will be
limited by the low regularity of the initial data and the spatial domain Ω .
For the spatial discretization of the problem, we consider again a uniform mesh
and biquadratic Lagrange elements. Since we are only interested in the convergence
of the time discretization, we fix the fineness of the spatial discretization at N = 11041
nodes. Then a reference value Jˆ for the functional J(θ ,Y ) is obtained by extrapolating
the results of the dG(3) method on a sequence of uniform refinements of the time steps
on this spatial grid.
Figure 5 shows the convergence of the functional value J(θ ,Y ) on a sequence of
uniformly refined temporal grids for dG methods of first to third order. As elaborated
above, given sufficient regularity of the exact solution (θ ,Y ), we expect the order of
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Table 2 Example 2: Relative speed improvement of the simplified solution scheme over an exact Newton
method and a Newton method with averaged Jacobian respectively
dG(1)

dG(2)

dG(3)

M

Sexact

Sexact

Savg

Sexact

Savg

240
480
960
1920

1.0
1.8
1.8
1.6

4.7
5.0
3.9
2.1

3.4
2.6
1.8
1.2

9.0
8.4
6.8
4.4

6.6
3.9
1.9
1.3

convergence r + 1 for a dG(r) method. For dG(1) and dG(2), second and third order
convergence are observed. Presumably due to insufficient regularity of the solution,
the error of the dG(3) result decreases only with third order with respect to the time
step size.
Since the nonlinearity in this example is assumed to have a greater influence on
the convergence of the Newton method than for the scalar test problem, we adjust the
threshold on the contraction rate for reassembling the Jacobian to a higher value. For
the exact Newton the matrix is reassembled whenever the contraction rate exceeds
0.03, for all other schemes the threshold is set to 0.03 + νr . According to our observation, the exact Newton method will benefit most from this adjustment, nevertheless
the run time gap to the simplified schemes is even bigger than for the scalar test equation (see Table 2). This is due to the fact that we deal with a system of two equations
here.
We measure for every combination of order r and fineness M of the temporal
discretization the CPU time tsimple consumed by the simplified solution scheme and
the CPU time texact for the exact Jacobian. For the second and third order scheme,
we measure in addition the time tavg used by the full system with averaged Jacobian.
t
In Table 2 we list the quotients Sexact := ttexact and Savg := t avg which measure the
simple
simple
relative speed improvement of the simplified scheme over the exact Newton and the
scheme involving the averaged Jacobian respectively.
We observe a significant performance improvement — up to a reduction of computing time by a factor of nine for dG(3) and M = 240 time steps — of our simplified
scheme compared to the exact Newton iteration, particularly for high orders and long
time steps. The improvement over the averaged Jacobian is not as great but especially
for coarse temporal grids, which are of most practical relevance when using high order schemes, it is still significant. In Figure 6 we compare the simplified schemes
for first to third order with respect to the relationship between obtained accuracy in
the quantity of interest and consumed time. As expected, due to the observed higher
order of convergence, the dG(2) method is more efficient than dG(1) for the flame
propagation example. Although the dG(3) scheme suffers from order reduction, it
takes about the same time to obtain a given accuracy as the dG(2) method since it has
a better error constant.
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dG(1)
dG(2)
dG(3)

Error |J(θkh ,Ykh ) − J|ˆ

10−5
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10−8
2 · 103
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1 · 104

Run time [s]
Fig. 6 Example 2: Relationship between computing time and obtained accuracy for simplified schemes of
first to third order

A Complete time stepping schemes for dG(2) and dG(3)
A.1 Scheme for dG(2)
e l is computed by the three linear solution steps
First, the solution component W
2
!


1
1
M+
km Ā Ve1l = Rl0 + Rl1 + Rl2 + km ĀM −1 −4Rl0 + Rl1 + 6Rl2
60
10


1 2
+ km ĀM −1 ĀM −1 2Rl0 − Rl1 + 6Rl2 ,
40
!
r
3 1
km Ā Ve2l = MVe1l ,
M+
60
!
r
3 1
e2l = MVe2l ,
km Ā W
M+
60
r
3

(19)

where Ve1l and Ve2l are temporary values. For the other two components, backward substitution gives the
linear equations




1
e0l = 6 Rl0 − 3 Rl1 + 6 Rl2 − 1 M + 1 km Ā W
e2l ,
M + km Ā W
10
5
10
5
5
2






1
e1l = 3 Rl1 − 3 Rl2 + 5M W
e0l + W
e2l + km Ā − 3 W
e0l + 7 W
e2l .
M + km Ā W
10
8
2
4
4

(20)
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A.2 Scheme for dG(3)
e l , we solve the four linear equations
To obtain the solution component W
3

!
1
km Ā Ve1l = Rl0 + Rl1 + Rl2 + Rl3
M+
840


1
+ km ĀM −1 −9Rl0 − 2Rl1 + 5Rl2 + 12Rl3
21

2  l
1
+
9R0 − 2Rl1 + Rl2 + 18Rl3
km ĀM −1
126

3 
1
+
km ĀM −1
−27Rl0 + 8Rl1 − 17Rl2 + 108Rl3 ,
5670
!
r
1
4
l
M+
km Ā Ve2 = MVe1l ,
840
!
r
1
4
km Ā Ve3l = MVe2l ,
M+
840
!
r
1
4
e3l = MVe3l ,
km Ā W
M+
840
r
4

(21)

with temporary variables Ve1l , Ve2l and Ve3l . The remaining components are given by



2
√ km Ā Ve4l = Gl0 ,
M+
13 + 29


2
e1l = Gl1 ,
√ km Ā W
M+
13 − 29



2
e0l = MVe4l ,
√ km Ā W
M+
13 − 29


2
e2l = Gl2
√ km Ā W
M+
13 − 29

with another temporary value Ve4l and the right hand sides
26 l 628 l 142 l 44 l
R −
R +
R − R
35 0 945 1 945 2 35 3


4
22 l 12 l
18 l
+ km ĀM −1
R0 − Rl1 +
R2 − R3
35
45
315
35


9 el
4 el
1
−1 e l
W3 + km M ĀW3 ,
+ MW3 + km Ā
35
35
70
√
√
1844 − 52 29 l 4568 + 1256 29 l
Gl1 :=
R0 +
R1
945
25515
√
√
5548 − 284 29 l −536 + 88 29 l
+
R2 +
R3
25515
945
!
√
√
−26 + 2 29 e l 11 − 18 29 e l
W0 +
W3
+M
27
945
!
√
4 e l 23 − 9 29 l
+ km Ā − W
+
W3 ,
27 0
1890

Gl0 :=

(22)
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√ !
√ !
116
116252 1168 29
2 29
−
Rl0 +
+
Rl1
11025
1225
297675
99225
√ !
√ !
196822 3548 29
9404
64 29
+
+
Rl2 + −
+
Rl2
297675
99225
11025
3675
!
√
√
−257 − 9 29 e l −6317 + 2691 29 e l
W1 +
W3
+M
280
88200
!
√
√
1349 + 23 29 e l −3023 + 279 29 e l
+ km Ā
W1 +
W3 .
9800
88200

Gl2 :=
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