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Abstract. In this paper, we develop an error estimator and an adaptive algorithm for eﬃcient
solution of parabolic partial diﬀerential equations. The error estimator assesses the discretization
error with respect to a given quantity of physical interest and separates the inﬂuence of the time and
space discretizations. This allows us to set up an eﬃcient adaptive strategy producing economical
(locally) reﬁned meshes for each time step and an adapted time discretization. The space and time
discretization errors are equilibrated, leading to an eﬃcient method.
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1. Introduction. In this paper, we develop an adaptive algorithm for eﬃcient
solution of (nonlinear) parabolic equations and systems of them. Both time and
space discretizations of the underlying equations are based on ﬁnite element methods
as proposed, e.g., in [10, 12]. Within this adaptive algorithm, the time discretization
and the space discretizations for each time step are successively reﬁned in order to
reduce the overall discretization error in an eﬃcient way. To this end, we derive
an a posteriori error estimator which assesses the error between the solution of the
continuous and the discretized problems with respect to a given quantity of interest
describing the goal of the computation. The presented error estimator separates the
inﬂuence of time and space discretization on the error in the quantity of interest. This
allows for balancing these two types of error. Moreover, this error estimator provides
information for separate reﬁnement of the ﬁnite element meshes corresponding to
diﬀerent time steps. The use of such dynamic meshes leads to very eﬃcient numerical
schemes and is described in this paper.
The use of adaptive techniques based on a posteriori error estimation is well accepted in the context of ﬁnite element discretizations of partial diﬀerential equations;
see, e.g., [9, 19, 4]. Diﬀerent adaptive algorithms for parabolic problems are discussed,
e.g., in [13, 15, 17, 6, 1]. In these publications, the adaptivity is based on error estimation with respect to some global norms. However, in many applications, the error
in global norms does not provide useful error bounds for the error in the quantity of
physical interest. In [3, 4], a general concept for a posteriori estimation of the discretization error with respect to a given functional is presented. In a recent paper [16],
a posteriori error estimates are derived for parabolic optimization problems.
In this paper, we extend the approach from [4] to parabolic equations and derive
an a posteriori error estimator allowing for eﬃcient use of dynamic locally reﬁned
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meshes and nonuniform time discretizations. The evaluation of the presented error
estimator is based on the solution of an appropriate dual (adjoint) problem. This
dual problem corresponds to a linearization of the (nonlinear) parabolic equation and
has to be solved backwards in time. The corresponding additional numerical costs
are discussed in what follows.
To the best of the authors’ knowledge, this is the ﬁrst paper providing an adaptive algorithm which allows for equilibrating space and time discretization errors for
computation on dynamic meshes. This is possible due to the structure of the error
estimator which provides quantitative information about both the time and the space
discretization errors.
In this paper, we consider parabolic problems
∂t u + A(u) = F,
u(0) = u0 ,
with a (nonlinear) elliptic operator A and an initial condition u0 . A variational
formulation of this problem is presented using the following abstract setting: Let V
and H be Hilbert spaces which build together with the dual space V ∗ of V a Gelfand
triple V → H → V ∗ . The inner product of H is denoted by (·, ·)H . A typical choice
for these spaces could be



(1.1)
V = v ∈ H 1 (Ω) v Γ = 0 and H = L2 (Ω),
D

where ΓD denotes the part of the boundary ∂Ω of the computational domain Ω ⊂ Rd
(d = 2, 3) with prescribed Dirichlet boundary conditions.
For a time interval I = (0, T ), we introduce the Hilbert space X := W (0, T )
deﬁned as


W (0, T ) := v v ∈ L2 (I, V ) and ∂t v ∈ L2 (I, V ∗ ) .
It is well known that the space X is continuously embedded in C(I, H); see, e.g., [8].
Furthermore, we use the inner product of L2 (I, H) given by

(1.2)

T

(u, v) := (u, v)L2 (I,H) =

(u(t), v(t))H dt.
0

For a given spatial semilinear form a: V × V → R describing a weak formulation
of a (nonlinear) elliptic operator A, we deﬁne the (time-dependent) semilinear form
a : X × X → R by
 T
a(u)(ϕ) :=
a(u(t))(ϕ(t)) dt.
0

The corresponding weak formulation of the considered problem has the following form:
Find u ∈ X such that
(1.3)

(∂t u, ϕ) + a(u)(ϕ) = (f, ϕ) ∀ϕ ∈ X,
u(0) = u0 ,

where f ∈ L2 (0, T ; V ∗ ) represents the (time-dependent) right-hand side and u0 ∈ H
describes initial conditions.
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Furthermore, we consider a functional J : X → R representing the quantity of
physical interest. This functional is given as a sum:
 T
(1.4)
J(u) :=
J1 (u(t)) dt + J2 (u(T )),
0

where J1 : V → R and J2 : H → R are three times continuously diﬀerentiable functionals. This choice covers the following two typical situations: The quantity of interest
is a mean value of a given functional (J1 ), or one is interested in a terminal value
J2 (u(T )).
Let ukh be a solution of the discretized version of (1.3), and then we aim at the
a posteriori error estimation with respect to J of the following type:
J(u) − J(ukh ) ≈ ηk + ηh ,
where ηk describes the error due to the time discretization and ηh the error due to
the discretization in space.
Let us brieﬂy outline the following sections. In section 2, we describe the spacetime ﬁnite element discretization of (1.3). Moreover, we present some details of computing on dynamic (varying in time) meshes. Section 3 is devoted to the derivation of
a posteriori error estimates for the discretization error with respect to the quantity of
interest J. The error estimates assess separately the error due to the time and to the
space discretizations and are obtained by using the solution of a (linear) adjoint equation. In section 4, we describe the numerical evaluation of the derived error estimates
and an adaptive algorithm for successive improvement of the accuracy. In section 5,
numerical examples for a nonlinear combustion model are presented, illustrating the
behavior of the method.
2. Discretization. In this section, we describe the space-time ﬁnite element discretization of (1.3). The space discretization will be based on usual H 1 -conforming
ﬁnite elements, and for the discretization in time we present the following two concepts: discontinuous Galerkin (dG) and continuous Galerkin (cG) methods. For both
methods, the test functions will be discontinuous in time. The trial functions are discontinuous in the dG setting, whereas the cG method uses continuous trial functions.
In the following subsection, we discuss the semidiscretization in time using these
concepts. Subsection 2.2 deals with the space discretization of the arising semidiscrete
problems.
2.1. Time discretization. Let
I = {0} ∪ I1 ∪ · · · ∪ IM
be a partition of the time interval I = [0, T ] into subintervals Im := (tm−1 , tm ] of size
km := tm − tm−1 with given time points
0 = t0 < · · · < tm < · · · < tM = T.


The discretization parameter k is deﬁned as a piecewise constant function by k I =
m
km for m = 1, . . . , M . By means of the subintervals Im , we deﬁne for r ∈ N0 two
r
r
 :
semidiscrete spaces Xk and X
k



Xkr := vk ∈ C(I, H) vk Im ∈ Pr (Im , V ) ⊂ X,



 r := vk ∈ L2 (I, V ) vk  ∈ Pr (Im , V ) and vk (0) ∈ H .
X
k
I
m
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Here Pr (Im , V ) denotes the space of polynomials up to degree r on Im with values in
V . Thus, Xkr consists of piecewise polynomials which are continuous in time and will
r
be used as the trial space for the continuous Galerkin method. The functions in X
k
may have discontinuities at the ends of the subintervals Im . This space will be used
as the test space for the continuous Galerkin method and as the trial and test space
for the discontinuous Galerkin method.
r:
For setting up the dG(r) formulation, we deﬁne for a function vk ∈ X
k
±
:= lim vk (tm ± ε),
vk,m
ε↓0

+
−
[vk ]m := vk,m
− vk,m
.

 r such that
Then the dG(r) formulation of problem (1.3) reads: Find uk ∈ X
k
M



(2.1)

M −1

(∂t uk , ϕ)H dt + a(uk )(ϕ) +
m=1

Im

−
−
([uk ]m , ϕ+
m )H + (uk,0 , ϕ0 )H

m=0

= (f, ϕ) + (u0 , ϕ−
0 )H

r.
∀ϕ ∈ X
k

Using the semidiscrete spaces deﬁned above, the cG(r) (r ≥ 1) formulation can
be directly stated as: Find uk ∈ Xkr such that
(2.2)

−
0
(∂t uk , ϕ) + a(uk )(ϕ) + (uk (0), ϕ−
0 )H = (f, ϕ) + (u , ϕ0 )H

 r−1 .
∀ϕ ∈ X
k

Due to the fact that the test space in both formulations is discontinuous in time,
these discretizations result in time-stepping schemes. In the next section, we discuss
the resulting formulation for the low order methods dG(0) and cG(1) combined with
a space discretization.
2.2. Space discretization. In this section, we describe the Galerkin ﬁnite element discretization in space of the arising semidiscrete problems. To this end, we
use two- or three-dimensional shape-regular meshes; see, e.g., [7]. A mesh consists
of quadrilateral or hexahedral cells K which conform a nonoverlapping cover of the
computational domain Ω ⊂ Rd . The corresponding mesh is denoted by Th = {K},
where the
 discretization parameter h is deﬁned as a cellwise constant function by
setting hK = hK , with the diameter hK of the cell K.
Remark 2.1. In order to ease mesh reﬁnement, we allow for cells to have nodes
which lie on midpoints of faces of the neighboring cells. But at most one such hanging
node is permitted for each cell. There are no degrees of freedom corresponding to
these irregular nodes, and the value of a ﬁnite element function is determined by
pointwise interpolation.
On the mesh Th , we construct a conforming ﬁnite element space Vhs ⊂ V in a
standard way:



Vhs := v ∈ V v K ∈ Qs (K) for K ∈ Th .
We use isoparametric elements; i.e., Qs (K) consists of shape functions obtained via
Qs (K)d transformations of polynomials in Qs (K) deﬁned on the reference cell K =
(0, 1)d , where
⎧
⎫
d
⎨
⎬
α
Qs (K) = span
xj j αj ∈ N0 , αj ≤ s .
⎩
⎭
j=1
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Remark 2.2. The deﬁnition of Vhs can be extended to the case of triangular
meshes in the obvious way.
To obtain the fully discrete versions of the time discretized problems (2.1) and
(2.2), we allow dynamic mesh change in time, but the time steps km are kept constant
in space. To this end, we associate with each time point tm a mesh Thm and a
corresponding (spatial) ﬁnite element space Vhs,m . We then deﬁne the following spacetime ﬁnite element space:



 r,s := vkh ∈ L2 (I, V ) vkh  ∈ Pr (Im , V s,m ) and vkh (0) ∈ V s,0 ⊂ X
r.
X
k
h
h
k,h
Im
 r,s
Then the so-called cG(s)dG(r) formulation of problem (1.3) reads: Find ukh ∈ X
k,h
such that
M



M −1

(∂t ukh , ϕ)H dt + a(ukh )(ϕ) +

(2.3)
m=1

Im

−
−
([ukh ]m , ϕ+
m )H + (ukh,0 , ϕ0 )H

m=0

 r,s .
∀ϕ ∈ X
k,h

= (f, ϕ) + (u0 , ϕ−
0 )H

Remark 2.3. The notation cG(s)dG(r) is taken from [11] and describes a method
with conforming (continuous) discretization in space of order s and discontinuous
discretization in time of order r.
The formulation of the corresponding cG(s)cG(r) discretization is more involved
since we have to ensure the global continuity of functions in the trial space. To this
end, we describe an approach similar to the one presented in [5]. Let {τ0 , . . . , τr } be
a basis of Pr (Im , R) with the following property:
τ0 (tm−1 ) = 1,
We set
(2.4)

r,s,m
Xk,h
:= span



τ0 (tm ) = 0,

τi (tm−1 ) = 0, i = 1, . . . , r.

τi vi v0 ∈ Vhs,m−1 , vi ∈ Vhs,m , i = 1, . . . , r



⊂ Pr (Im , V )

and deﬁne the trial space for the cG(s)cG(r) formulation by



r,s
r,s,m
⊂ Xkr .
:= vkh ∈ C(I, H) vkh I ∈ Xk,h
Xk,h
m

r,s,m
Xk,h

We note that this deﬁnition of
ensures the continuity of all functions belonging
r,s
to Xk,h . This is due to the fact that the vanishing spatial degrees of freedom in Vhs,m−1
are coupled only with the temporal basis function τ0 which vanishes at the right end
of each subinterval.
Using these spaces, the cG(s)cG(r) formulation of problem (1.3) reads: Find
r,s
ukh ∈ Xk,h
such that
−
0
(2.5) (∂t ukh , ϕ) + a(ukh )(ϕ) + (ukh (0), ϕ−
0 )H = (f, ϕ) + (u , ϕ0 )H

 r−1,s .
∀ϕ ∈ X
k,h

Remark 2.4. By this deﬁnition of the trial and test space for the cG(s)cG(r)
discretization, we ensure that not only do both spaces have the same dimension but
also that each time step results in a quadratic system of equations. Furthermore, if
all spatial meshes and consequently all spatial ﬁnite element spaces are equal, this
r,s
deﬁnition of the space Xk,h
coincides with the familiar one:



r,s
Xk,h
= vkh ∈ C(I, H) vkh I ∈ Pr (Im , Vhs ) .
m
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r,s
Remark 2.5. In the deﬁnition of Xk,h
, we have made no restrictions concerning
s,m−1
s,m
the spaces Vh
and Vh . Thus, one can for both continuous and discontinuous
Galerkin time discretizations with dynamically changing meshes easily modify the
 r , X r,s , and X
 r,s to allow a diﬀerent degree of time polynomials
deﬁnitions of Xkr , X
k
k,h
k,h
on each time interval in the sense of a hp-method (in time).
Remark 2.6. Due to the fact that the test space is discontinuous in time for both
dG(r)and cG(r) discretizations, these methods (although globally formulated) can be
interpreted as time-stepping schemes. The dG(r) discretization in time is known to
be strongly A-stable, and the cG(r) method leads to an A-stable scheme. For a priori
error estimates for these schemes, we refer, e.g., to [13, 14, 18].
To illustrate the fact that dG(r) and cG(r) lead to time-stepping schemes, we
present the time-stepping formulation for the low order methods dG(0) and cG(1).
For the cG(s)dG(0) formulation, we deﬁne

U0 = ukh (0) ∈ Vhs,0 and Um = ukh I ∈ Vhs,m , i = 1, . . . , M,
m

and obtain the following discrete equations:
• m = 0:
(U0 , ψ)H = (u0 , ψ)H

(2.6a)
• m = 1, . . . , M :
(2.6b)

∀ψ ∈ Vhs,0 .


(Um , ψ)H + km a(Um )(ψ) = (Um−1 , ψ)H +

(f (t), ψ)H dt
Im

∀ψ ∈ Vhs,m .

Remark 2.7. This scheme is a variant of the backward Euler scheme. If the time
integrals are approximated by the box rule, then the resulting scheme is equivalent to
the backward Euler method. However, a better approximation of these time integrals
leads to a scheme which allows for better error estimates with respect to the required
smoothness of the solution and in the case of long time integration (T
1); see, e.g.,
[13].
For the cG(s)cG(1) formulation, we set
Um = ukh (tm ) ∈ Vhs,m ,

m = 0, 1, . . . , M,

and obtain:
• m = 0:
(U0 , ψ)H = (u0 , ψ)H

(2.7a)

∀ψ ∈ Vhs,0 .

• m = 1, . . . , M :

(2.7b)

(Um , ψ)H +

 1

a
((t − tm−1 )Um − (t − tm )Um−1 ) (ψ) dt
km
Im

= (Um−1 , ψ)H +
(f (t), ψ)H dt ∀ψ ∈ Vhs,m .
Im

This scheme is a variant of the well-known Crank–Nicolson scheme. If the integrals
in (2.7b) are approximated by the trapezoidal rule, one obtains the usual Crank–
Nicolson method:
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• m = 0:
(U0 , ψ)H = (u0 , ψ)H

(2.8a)

∀ψ ∈ Vhs,0 .

• m = 1, . . . , M :
(2.8b)

km
km
a(Um )(ψ) +
a(Um−1 )(ψ)
2
2
km
= (Um−1 , ψ)H +
((f (tm−1 ), ψ)H + (f (tm ), ψ)H ) ∀ψ ∈ Vhs,m .
2

(Um , ψ)H +

2.3. Practical aspects of computing on dynamic meshes. In this section,
we discuss some algorithmical details of the solution process on dynamic meshes.
This is done exemplarily for the cG(s)dG(0) formulation (2.6). The discussion can
be easily adapted to the general case. For the computation of Um in (2.6b), we will
discuss problems arising from the term (Um−1 , ψ)H . We have to evaluate the inner
product of a function in Vhs,m−1 with one in Vhs,m . Using nodal basis functions in
both spaces, this reduces to the problem of evaluating the inner product of basis
functions ψ m−1 ∈ Vhs,m−1 with basis functions ψ m ∈ Vhs,m . These integrals cannot
be evaluated cellwise by quadrature rules because the integrand (especially ψ m−1 ) is
not necessarily smooth on each cell K ∈ Thm .
To overcome this problem, we require that all meshes Thm result from one original
h by hierarchical reﬁnement or coarsening. Thus, we can build up a temporary
mesh T
m−1/2
as a common reﬁnement of Thm−1 and Thm ; see Figure 2.1. Then, looking
mesh Th
s,m−1/2
at the corresponding ﬁnite element space Vh
, there clearly holds Vhs,m−1 ⊂
s,m−1/2
s,m−1/2
Vh
as well as Vhs,m ⊂ Vh
. Therefore, we can express ψ m−1 ∈ Vhs,m−1 and
m−1/2
s,m−1/2
ψ m ∈ Vhs,m by a linear combination of the nodal basis functions ψi
∈ Vh
:
N

N
m−1/2

ψ m−1 =

αi ψi

,

m−1/2

ψm =

i=1

βi ψi

,

i=1
s,m−1/2

s,m−1/2

with αi , βi ∈ R and N = dim Vh
. But since Vhs,m−1 , Vhs,m , and Vh
are
ﬁnite element spaces, the nodal basis functions have only local support, and therefore
most of the coeﬃcients αi and βi are zero. After these preparations, we can evaluate
m−1/2
because
the integral cellwise on Th
N

N
m−1/2

(ψ m−1 , ψ m )H =

αi (ψi
i=1

N
m−1/2

, ψ m )H =

αi βj (ψi

m−1/2

, ψj

)H

i=1 j=1

m−1/2

Fig. 2.1. Construction of temporary mesh Th

.
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m−1/2

m−1/2

and (ψi
, ψj
)H can be evaluated cellwise. A similar strategy can be used to
evaluate terms such as a(Um−1 )(ψ m ) arising in the cG(s)cG(1) discretization.
3. A posteriori error estimation. In this section, we derive an a posteriori
error estimator for the errors arising due to the discretization in time and space with
respect to a functional J. To this end, we ﬁrst recall an abstract result from [4].
Proposition 3.1. Let Y be a function space and L a three times diﬀerentiable
functional on Y . We seek a stationary point y of L on Y , that is,
L (y)(δy) = 0

(3.1)

∀δy ∈ Y.

This equation is approximated by a Galerkin method using a ﬁnite-dimensional subspace Y0 ⊂ Y . The discrete problem seeks y0 ∈ Y0 satisfying
L (y0 )(δy0 ) = 0

∀δy0 ∈ Y0 .

Then we have for arbitrary ỹ0 ∈ Y0 the error representation
(3.2)

L(y) − L(y0 ) =

1 
L (y0 )(y − ỹ0 ) + R,
2

where the remainder R is given by
 1
R=
L (y0 + se)(e, e, e) · s · (s − 1) ds,
0

with the error e := y − y0 .
In what follows, we present the derivation of an a posteriori error estimator in
terms of a functional
J(u) − J(ukh )
for the fully discrete problem in the case of a dG time discretization. To this end, we
introduce the Lagrangian L : X × X → R, deﬁned by
L(u, z) := J(u) + (f − ∂t u, z) − a(u)(z) − (u(0) − u0 , z(0))H .
 r → R associated with the dG(r) discretization
r × X
The Lagrange functional L : X
k
k
is deﬁned by
 k , zk ) := J(uk ) + (f, zk ) −
L(u

M


(∂t uk , zk )H dt − a(uk )(zk )

m=1

Im
M −1

−

+
0 −
([uk ]m , zk,m
)H − (u−
k,0 − u , zk,0 )H .

m=0

To separate the inﬂuences of the temporal and spatial discretizations, we split

 

J(u) − J(ukh ) = J(u) − J(uk ) + J(uk ) − J(ukh ) ,
 r is the solution
where u ∈ X is the solution of the continuous problem (1.3), uk ∈ X
k
r,s

of the time discretized problem (2.1), and ukh ∈ Xk,h is the solution of the fully
discretized problem (2.3).
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r × X
 r , and (ukh , zkh ) ∈
Theorem 3.2. Let (u, z) ∈ X × X, (uk , zk ) ∈ X
k
k
r,s


×X
k,h be stationary points of L and L, respectively, i.e.,

 r,s
X
k,h

L (u, z)(δu, δz) = L (u, z)(δu, δz) = 0
L (uk , zk )(δuk , δzk ) = 0
L (ukh , zkh )(δukh , δzkh ) = 0

∀(δu, δz) ∈ X × X,
r × X
r,
∀(δuk , δzk ) ∈ X
k

k

 r,s × X
 r,s .
∀(δukh , δzkh ) ∈ X
k,h
k,h

Then we have the following error representations:
1 
L (uk , zk )(u − ũk , z − z̃k ) + Rk ,
2
1
J(uk ) − J(ukh ) = L (ukh , zkh )(uk − ũkh , zk − z̃kh ) + Rh .
2
J(u) − J(uk ) =

r × X
 r and (ũkh , z̃kh ) ∈ X
 r,s × X
 r,s can be chosen arbitrarily, and
Here (ũk , z̃k ) ∈ X
k
k
k,h
k,h
the remainder terms Rk and Rh have the same form as given in Proposition 3.1 for

L = L.
 r,s are the solutions of the continuous,
Proof. Since u ∈ X, uk ∈ Xkr , and ukh ∈ X
k,h
time discrete, and fully discrete problems, respectively, we have for arbitrary z ∈ X,
 r , and zkh ∈ X
 r,s :
zk ∈ X
k
k,h
 z) − L(u
 k , zk ),
J(u) − J(uk ) = L(u,
 k , zk ) − L(u
 kh , zkh ),
J(uk ) − J(ukh ) = L(u

(3.3)
(3.4)

where we have used the identity
 z),
J(u) = L(u, z) = L(u,
which follows from the fact that the solution u ∈ X of the continuous problem is
continuous and hence the additional jump terms in L compared to L vanish.
To apply the abstract error representation (3.2), we choose the spaces Y and Y0
as follows:
 r ) × (X + X
 r ), Y0 = X
r × X
r,
for (3.3): Y = (X + X
k
k
k
k
r,s
r
r



 r,s .
for (3.4): Y = Xk × Xk ,
Y0 = Xk,h × X
k,h
 r,s ⊂ X
r,
While the choice of the second pairing Y0 ⊂ Y is obvious since we have X
k
k,h
 r ⊂ X. Thus, to fulﬁll the
for the ﬁrst pairing we have to take into account that X
k
prerequisites of Proposition 3.1, we have chosen Y in this way. The validity of (3.1)
can be shown by a density argument.
In the above theorem, we require that (u, z), (uk , zk ), and (ukh , zkh ) are stationary
points of L for continuous, semidiscrete, and discrete test functions, respectively. To
 r , and zkh ∈ X
 r,s have to fulﬁll
this end, the so-called dual variables z ∈ X, zk ∈ X
k
k,h
the following dual equations:
(∂t ϕ, z) + a (u)(ϕ, z) + (ϕ(0), z(0)) = J  (u)(ϕ) ∀ϕ ∈ X,

(3.5)
M



(3.6)
m=1

Im

(∂t ϕ, zk )H dt + a (uk )(ϕ, zk ) +

M −1

+
−
([ϕ]m , zk,m
)H + (ϕ−
0 , zk,0 )H

m=0

r,
= J  (uk )(ϕ) ∀ϕ ∈ X
k
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and


M

(3.7)
m=1

(∂t ϕ, zkh )H dt + a (ukh )(ϕ, zkh ) +

Im

M −1

+
−
([ϕ]m , zkh,m
)H + (ϕ−
0 , zkh,0 )H

m=0

 r,s .
= J  (ukh )(ϕ) ∀ϕ ∈ X
k,h
The time-stepping formulation of (3.7) in the cG(s)dG(0) case can be directly
obtained; see [2]. To this end, we use the precise form of J (1.4) and set
Z0 = zkh (0) ∈ Vhs,0


and Zm = zkh I ∈ Vhs,m ,
m

i = 1, . . . , M,

and obtain the following discrete equations:
• m = M:
(3.8a)
(ψ, ZM )H + kM a (UM )(ψ, ZM ) = kM J1 (UM )(ψ) + J2 (UM )(ψ) ∀ψ ∈ Vhs,M .
• m = M − 1, . . . , 1:
(3.8b)
(ψ, Zm )H + km a (Um )(ψ, Zm ) = (ψ, Zm+1 )H + km J1 (Um )(ψ) ∀ψ ∈ Vhs,m .
• m = 0:
(3.8c)

(ψ, Z0 )H = (ψ, Z1 )H

∀ψ ∈ Vhs,0 .

Remark 3.1. To solve the above equations for determining the dual solution zkh ,
the (already computed) primal solution ukh has to be stored in all time intervals. For
large problems the required storage can exceed the size of the main storage (RAM).
There are in general two possibilities to cope with this problem: One can use storage
reduction techniques (checkpointing) allowing one to reduce the required storage to
O(log(M )). However, such techniques lead to additional computations. Another
possibility is to store the solution ukh on a hard disc. The additional time required
for the communication with the hard disc is usually negligible in comparison with the
CPU time required for the computation of the dual solution.
Introducing the primal and dual residuals
ρ̃(u)(ϕ) := Lz (u, z)(ϕ),
ρ̃∗ (u, z)(ϕ) := L (u, z)(ϕ),
u

the result of Theorem 3.2 can be formulated as

1
ρ̃(ukh )(z − z̃k ) + ρ̃∗ (ukh , zkh )(u − ũk ) ,
2

1
ρ̃(ukh )(zk − z̃kh ) + ρ̃∗ (ukh , zkh )(uk − ũkh ) ,
J(uk ) − J(ukh ) ≈
2
J(u) − J(uk ) ≈

where we have replaced ρ̃(uk )(z − z̃k ) by ρ̃(ukh )(z − z̃k ) as well as ρ̃∗ (uk , zk )(u − ũk )
by ρ̃∗ (ukh , zkh )(u − ũk ) and have omitted the remainder term R.
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Remark 3.2. The above replacement of ρ̃(uk )(z−z̃k ) by ρ̃(ukh )(z−z̃k ) is necessary
for the evaluation of this term. However, this procedure may introduce an additional
error of the form
L (xk )(x − x̃k ) − L (xkh )(x − x̃k ) = L (ξ)(x − x̃k , xk − xkh )
with some ξ ∈ [xk , xkh ]. This error is usually of “higher order.” For example, for the
cG(1)dG(0) discretization of the heat equation and choice of x̃k to be some interpolant
of x, this error can be shown to be of order O(kh2 ), whereas the error J(u) − J(ukh )
is not better than O(k + h2 ).
In the case of the cG(s)cG(r) discretization, one obtains similar error representations:
1 
L (uk , zk )(u − ũk , z − z̃k ) + Rk ,
2
1
J(uk ) − J(ukh ) = L (ukh , zkh )(uk − ũkh , zk − z̃kh ) + Rh .
2
J(u) − J(uk ) =

For the time-stepping formulation of the corresponding dual equation, we refer to [2].
4. Numerical realization.
4.1. Evaluation of the error estimator. In this subsection, we describe the
numerical evaluation of the a posteriori error estimator derived in the last section
for the cG(1)cG(1) and cG(1)dG(0) discretizations. This means that we consider
functions which are piecewise constant or linear in time and bi/trilinear in space.
Again, we present the concrete terms only for the dG(0) time discretization, and the
cG(1) time discretization can be treated similarly.
The error estimates in the previous section involve interpolation errors of time
(ṽk := ik v) and space (ṽkh := ih vk ). We approximate these terms using interpolations
into higher order ﬁnite element spaces. To this end, we introduce linear operators Πk
and Πh which map the computed solutions to approximations of the interpolation
errors:
z − z̃k ≈ Πk zk ,
zk − z̃kh ≈ Πh zkh ,

u − ũk ≈ Πk uk ,
uk − ũkh ≈ Πh ukh .

In the considered cases of a cG(1)dG(0) or cG(1)cG(1) discretization, the linear operators Πk and Πh are chosen as
 0 → X 1,
Πk := ik − id, with ik : X
k
k
(1)

(1)

 0,1 → X
 0,2
Πh := i2h − id, with i2h : X
k,h
k,2h
(2)

(2)

(2)

(2)

for the cG(1)dG(0) discretization and as
(2)

(2)

2
Πk := i2k − id, with i2k : Xk1 → X2k
,

1,1
1,2
Πh := i2h − id, with i2h : Xk,h
→ Xk,2h

for the cG(1)cG(1) discretization, respectively. Here the piecewise linear and piecewise
(1)
(2)
quadratic interpolation operators ik and i2k are deﬁned through
(1)

ik v(t) :=

tm − t
t − tm−1
v(tm−1 ) +
v(tm )
km
km

for t ∈ (tm−1 , tm ]
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Fig. 4.1. Interpolation operators.

Fig. 4.2. Mesh with patch structure.

and
(2)

i2k v(t) :=

(tm − t)(tm+1 − t)
(t − tm−1 )(tm+1 − t)
v(tm−1 ) +
v(tm )
km (km + km+1 )
km km+1
(t − tm−1 )(t − tm )
v(tm+1 ) for t ∈ (tm−1 , tm+1 ];
+
(km + km+1 )km
(2)

see also Figure 4.1. The piecewise bi/triquadratic spatial interpolation i2h can easily be computed if the spatial mesh provides a patch structure; i.e., one can always
combine four/eight adjacent cells to one macrocell on which the bi/triquadratic interpolation can be deﬁned. An example of such a mesh is depicted in Figure 4.2.
Finally, we obtain the following computable a posteriori error estimator:
J(u) − J(ukh ) ≈ ηk + ηh ,
with
ηk :=


1
ρ̃(ukh )(Πk zkh ) + ρ̃∗ (ukh , zkh )(Πk ukh ) ,
2

ηh :=


1
ρ̃(ukh )(Πh zkh ) + ρ̃∗ (ukh , zkh )(Πh ukh ) .
2

To give an impression of the terms which have to be evaluated for the presented
error estimators, we present for the cG(1)dG(0) discretization the explicit  form of
the primal and dual residuals. With the notation U0 := ukh (0), Um := ukh I , and
m
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Z0 := zkh (0), Zm := zkh Im , we obtain


M

(Um − Um−1 , Zm − Zm−1 )H +

ρ̃(ukh )(Πk zkh ) =
m=1



+
Im



M
∗

ρ̃ (ukh , zkh )(Πk ukh ) =
m=1


t − tm
(f, Zm − Zm−1 )H dt ,
km

km
a(Um )(Zm − Zm−1 )
2

km 
a (Um )(Um − Um−1 , Zm )
2


km 
J (Um )(Um − Um−1 ) ,
2 1

M
(2)
(2)
ρ̃(ukh )(Πh zkh ) =
(f, i2h Zm − Zm )H dt − km a(Um )(i2h Zm − Zm )
−

Im

m=1

− (Um −



(2)
Um−1 , i2h Zm

− Zm )H

(2)

− (U0 − u0 , i2h Z0 − Z0 )H ,


(2)
(2)
km J1 (Um )(i2h Um − Um ) − km a (Um )(i2h Um − Um , Zm )

M

ρ̃∗ (ukh , zkh )(Πh ukh ) =
m=1

(2)

+ (i2h Um−1 − Um−1 , Zm − Zm−1 )H



+ J2 (UM )(i2h UM − UM ) − (i2h UM − UM , ZM )H .
(2)

(2)

Remark 4.1. The terms that have to be evaluated for the cG(1)cG(1) discretization are very similar, and the evaluation can be treated as presented here for the
cG(1)dG(0) discretization. In practice, however, one often uses the Crank–Nicolson
scheme (2.8), which is easier to implement. For precise error estimation in this situation, one has to take into account the error due to the numerical integration.
The continuous solution x = (u, z) is a stationary point of the Lagrangian L,
whereas the semidiscrete solution xk = (uk , zk ) is a stationary point of a modiﬁed
Lagrangian Lk obtained by applying the trapezoidal rule for the time integrals in L.
One obtains:

 

J(u) − J(uk ) = L(x) − Lk (xk ) = L(x) − L(xk ) + L(xk ) − Lk (xk ) .
The ﬁrst term is estimated using the technique presented above, and the second
term can be computed using a better numerical quadrature for the approximation of
L(xk ). We emphasize that we use a higher order numerical quadrature (two-point
Gauss quadrature in the numerical examples below) only for the evaluation of the
error estimator. The solution process is based on the trapezoidal rule leading to the
usual Crank–Nicolson formulation which saves an amount of numerical eﬀort and
provides the same order of accuracy compared to the cG(1) discretization.
The presented a posteriori error estimators are used for two purposes: First, we
gain access to the discretization error, and, second, we improve the accuracy by local
reﬁnement of the spatial and temporal meshes. For the second aim, we have to localize
the information provided by the error estimator to cellwise or nodewise contributions
(local error indicators). To this end, we split up the error estimates ηk and ηh into
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their contribution on each subinterval Im by
M

M

ηkm

ηk =

ηhm ,

and ηh =

m=1

m=0

where
ηkm


1
km
(Um − Um−1 , Zm − Zm−1 )H +
a(Um )(Zm − Zm−1 )
:=
2
2

t − tm
km 
a (Um )(Um − Um−1 , Zm )
(f, Zm − Zm−1 )H dt +
+
k
2
m
Im

km 
J (Um )(Um − Um−1 ) , m = 1, . . . , M,
−
2 1

and

1  (2)
(2)
(i2h U0 − U0 , Z1 − Z0 )H − (U0 − u0 , i2h Z0 − Z0 )H ,
2

1
(2)
(2)
:=
(f, i2h Zm − Zm )H dt − km a(Um )(i2h Zm − Zm )
2 Im

ηh0 :=
ηhm

− (Um − Um−1 , i2h Zm − Zm )H + km J1 (Um )(i2h Um − Um )
(2)

(2)

− km a (Um )(i2h Um − Um , Zm )
(2)

+
ηhM

(2)
(i2h Um

1
:=
2



− Um , Zm+1 − Zm )H ,

m = 1, . . . , M − 1,


(2)

IM

(2)

(f, i2h ZM − ZM )H dt − kM a(UM )(i2h ZM − ZM )

− (UM − UM −1 , i2h ZM − ZM )H + kM J1 (UM )(i2h UM − UM )
(2)

(2)

− kM a (UM )(i2h UM − UM , ZM ) + J2 (UM )(i2h UM − UM )

(2)

(2)

(2)

− (i2h UM − UM , ZM )H .
The error estimators ηhm have to be localized to cellwise contributions in order to
be used as error indicators within an adaptive algorithm. To this end, we proceed
1,m
as follows: We ﬁrst consider the nodal basis {ϕm
and quadratic functions
i } of Vh
(2)
2,m
m
m
ψi := i2h ϕi ∈ V2h . Using the representations

ukh Im =

Nm
m
ϕm
i Ui ,
i=1


zkh Im =

Nm
m
ϕm
i Zi
i=1

with the nodal vectors U m , Z m ∈ RNm , we can rewrite the error estimator as
ηhm =

1
{ Ψm , Z m + Ψ∗m , U m },
2
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where ·, · denotes the Euclidian inner product on RNm and
Ψm,i := ρ̃(ukh )(ψim − ϕm
i ),
∗
∗
m
Ψm,i := ρ̃ (ukh , zkh )(ψi − ϕm
i ).
These terms are ﬁrst localized to nodewise contributions. However, a direct localization of this representation would lead to an overestimation of the error due to
oscillatory behavior of the residuals. One way to overcome this diﬃculty is to use
integration by parts requiring the evaluation of the strong formulation of the diﬀerential equation as well as jump terms of the discrete solution over edges or faces of
cells; see, e.g., [3]. Another possibility which we used for numerical examples in sec(1)
(1)  0,1
 0,1
tion 5 is to introduce a ﬁltering operator π = id − i2h , where i2h : X
k,h → Xk,2h is
an interpolation operator in the space of bi/trilinear elements on patches. We use the
representations of πukh and πzkh in the basis {ϕm
i }

πukh I =


πzkh I =

Nm
π,m
ϕm
,
i Ui

m

Nm
π,m
ϕm
i Zi

m

i=1

i=1

and conclude by employing the Galerkin orthogonality relation:
1
{ Ψm , Z π,m + Ψ∗m , U π,m }.
2
A further localization provides us with
ηhm =

1
{Ψm,i , Ziπ,m + Ψ∗m,i Uiπ,m }, i = 1, . . . , Nm .
2
While ηh is almost independent of the time step size (see Table 5.3 in the next section),
ηhm depends linearly on km . To get rid of this dependence, we deﬁne a reference time
step
m
=
ηh,i

T
M
and introduce scaled local error indicators by
k̂ =

m
η̃h,i
:=

k̂ m
η .
km h,i

For mesh reﬁnement these nodewise contributions are assembled to the corresponding
cellwise contributions η̃hmK . Finally, we end up with two sets of error indicators, one
for the temporal and one for the spatial discretization error:
{ ηkm m = 1, . . . , M }

and

M



η̃hmK K ∈ Thm



.

m=0

These error indicators are used for the decision which of the cells and of the time
intervals have to be reﬁned within the adaptive algorithm described below. For the
time reﬁnement, the time intervals are ordered with respect to the absolute values of
the indicators:
|ηkm1 | ≥ |ηkm2 | ≥ · · · .
Then the intervals m1 , m2 , . . . , ms are bisected where the number s is chosen using one
of the known strategies; see, e.g., [4]. The same procedure is used for the reﬁnement
of the spatial meshes. We emphasize that we do not adapt each mesh separately but
choose cells for reﬁnement from the set of all cells in all meshes Th0 , Th1 , . . . , ThM .
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4.2. Adaptive algorithm. The goal of the adaptation of the spatial and temporal discretization has to be the equilibrated reduction of the corresponding discretization errors. If a tolerance (TOL) is given, this can be done by reﬁning both temporal
and spatial discretizations as long as the corresponding error estimator is larger than
TOL
2 . In what follows, we will present an adaptive algorithm which balances the
spatial and temporal discretization error and keeps it balanced under reﬁnement of
the discretizations without the need of a given TOL. We stop the calculation if the
discretization has reached the maximum number of allowed degrees of freedom Kmax .
The aim of the adaptive algorithm is to obtain a discretization such that
|ηh | ≈ |ηk |
and to keep this property during further reﬁnement. To this end, we introduce an
equilibration factor c ∈ (1, 5) and propose Algorithm 4.1 presented below. In every
cycle of the algorithm, we select cells and time steps for reﬁnement to be adapted by
means of local error indicators as described above.
Algorithm 4.1. Adaptive reﬁnement algorithm.
1: Choose an initial space-time discretization Tk0 ,h0 and set n = 0.
Mn
2: while
m=0 Nm ≤ Kmax do
3:
Compute the primal and dual solution (ukn hn , zkn hn ).
4:
Evaluate the a posteriori error estimators ηkn and ηhn .
5:
if |ηkn | > c|ηhn | then
6:
Reﬁne temporal discretization.
7:
else if |ηhn | > c|ηkn | then
8:
Reﬁne spatial discretization.
|η |
9:
else { 1c ≤ |ηhkn | ≤ c}
n
10:
Reﬁne spatial and temporal discretization.
11:
end if
12:
Increase n.
13: end while
Remark 4.2. We have tested the presented algorithm for diﬀerent values of the
equilibration factor c. Choosing it too small results in a slower reduction of the
discretization error, because then often only one discretization is reﬁned although the
discretization errors are of similar size. On the other hand, a too large choice of this
factor leads to ineﬃciency, because, for example, the spatial discretization is reﬁned
although the temporal discretization error dominates the overall error. For all results
presented below, the equilibration factor was chosen c = 5.
5. Numerical examples. In this section, the adaptive algorithm presented
above is applied to two numerical examples.
5.1. Example 1. The conﬁguration for the ﬁrst example is taken from [15]. It
describes the major part of combustion under the low Mach number hypothesis. Under
this assumption, the motion of the ﬂuid becomes independent from temperature and
species concentration. Hence, one can solve the temperature and the species equation
alone by specifying any solenoidal velocity ﬁeld v which inﬂuences these quantities
only via a convection term. Especially, v = 0 is an important case.
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Introducing the dimensionless temperature θ, denoting by Y the species concentration, and assuming constant diﬀusion coeﬃcients yields
(5.1)

∂t θ − Δθ = ω(θ, Y )
1
ΔY = −ω(θ, Y )
∂t Y −
Le

in Ω × (0, 60),
in Ω × (0, 60),

where the Lewis number Le is the ratio of diﬀusivity of heat and diﬀusivity of mass.
We use a one-species rection mechanism governed by an Arrhenius law
(5.2)

ω(θ, Y ) =

β(θ−1)
β2
Y e 1+α(θ−1)
2Le

in which an approximation for large activation energy has been employed. The parameter α determines the gas expansion in ﬂows with nonconstant density, whereas
the parameter β describes the nondimensional activation energy. This results in a
system of two (nonlinear) coupled parabolic equations.
We consider a freely propagating laminar ﬂame described by (5.1) and its response
to a heat-absorbing obstacle, a set of cooled parallel rods with a rectangular cross
section (see Figure 5.1). The computational domain has width H = 16 and length
L = 60. The obstacle covers half of the width and has length L4 . The absorption
of heat is modeled by Robin boundary conditions with the heat loss parameter k.
On the left boundary of the domain, Dirichlet boundary conditions corresponding to
the burnt state are prescribed, while the remaining boundary conditions are of the
homogeneous Neumann type. Thus, the boundary conditions are chosen as
θ=1

on ΓD × (0, 60),

Y =0

on ΓD × (0, 60),

∂n θ = 0

on ΓN × (0, 60),
on ΓN × (0, 60),

∂n Y = 0
∂n θ = −kθ

on ΓR × (0, 60),

∂n Y = 0

on ΓR × (0, 60).

The initial condition is the analytical solution of a one-dimensional right-traveling
ﬂame in the limit β → ∞ located left of the obstacle:

1
for x1 ≤ x̃1 ,
θ(0, x) =
in Ω,
x̃1 −x1
for x1 > x̃1
e

0
for x1 ≤ x̃1 ,
Y (0, x) =
in Ω.
1 − eLe(x̃1 −x1 ) for x1 > x̃1

Fig. 5.1. Example 1: Computational domain Ω.
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For the computations, the occurring parameters are set to
Le = 1,

α = 0.8,

β = 10,

k = 0.1,

x̃1 = 9.

To use the same notations as in the previous sections of this article, we deﬁne
the pair of solution components u := (θ, Y ) ∈ û + X 2 , where the space X is deﬁned
using the spaces V and H as given by (1.1). The function û is deﬁned to fulﬁll the
prescribed Dirichlet boundary conditions as ûΓ = (1, 0).
D
We consider the functional
 60 
1
ω(θ, Y ) dx dt
J(u) =
60|Ω| 0
Ω
describing the mean reaction rate (5.2) and focus on reducing the error J(u) − J(ukh ).
The corresponding dual equation for z = (z θ , z Y ) has the following form:


1
θ
θ
θ
Y
+z −z
ωθ (θ, Y )
in Ω × (0, 60),
−∂t z − Δz =
60|Ω|
(5.3)


1
1
Y
Y
θ
Y
−∂t z −
ωY (θ, Y )
in Ω × (0, 60),
Δz =
+z −z
Le
60|Ω|
where
ωθ (θ, Y ) =

β(θ−1)
β
β2

2 Y e 1+α(θ−1)
2Le 1 + α(θ − 1)

and ωY (θ, Y ) =

β(θ−1)
β 2 1+α(θ−1)
e
2Le

denote the derivatives of ω(θ, Y ) with respect to θ and Y , respectively. The “initial”
and boundary conditions for the dual equations are
z θ (60, x) = z Y (60, x) = 0

in Ω

and
zθ = 0

on ΓD × (0, 60),

zY = 0

on ΓD × (0, 60),

∂n z θ = 0

on ΓN × (0, 60),

∂n z Y = 0

on ΓN × (0, 60),

∂n z θ = −kz θ

on ΓR × (0, 60),

∂n z Y = 0

on ΓR × (0, 60).

First, we present the results of computation using the cG(1)dG(0) method. In
Table 5.1, we show the development of the discretization error and the a posteriori
error estimators during an adaptive run with local reﬁnement in both types of discretizations. Here M denotes the number of time steps, and Nmax := max Nm denotes
the maximum number of nodes in the spatial meshes. The eﬀectivity index given in
the last column of this table is deﬁned as usual by
Ieﬀ :=

J(u) − J(ukh )
.
ηk + ηh
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Table 5.1
Example 1: Local reﬁnement with equilibration for cG(1)dG(0) discretization.
M
256
396
616
872
1370
1528
1772

Nmax
985
985
1427
2309
3927
6927
14683

ηk
−7.8·10−04
−7.4·10−04
−2.5·10−04
−1.0·10−04
−5.0·10−05
−4.6·10−05
−4.0·10−05

ηh
4.1·10−05
2.0·10−04
−3.3·10−04
−1.4·10−04
−6.8·10−05
−2.8·10−05
−1.1·10−05

ηk + ηh
−7.439 · 10−04
−5.394 · 10−04
−5.782 · 10−04
−2.443 · 10−04
−1.180 · 10−04
−7.356 · 10−05
−5.154 · 10−05

Ieﬀ
2.2893
2.6201
1.5076
1.6426
1.3300
1.1731
1.1527

uniform
local equi. ﬁxed
local equi.

0.1
|J(u) − J(ukh )|
|J(u)|

J(u) − J(ukh )
−1.703 · 10−03
−1.413 · 10−03
−8.718 · 10−04
−4.013 · 10−04
−1.569 · 10−04
−8.630 · 10−05
−5.941 · 10−05

0.01

1e+06

1e+07
M


1e+08

1e+09

Nm

m=0

Fig. 5.2. Example 1: Comparison of diﬀerent reﬁnement strategies for cG(1)dG(0) discretization.

It shows that the proposed error estimator provides quantitative information about
the discretization error. Table 5.1 also demonstrates the desired equilibration of the
temporal and spatial discretization errors.
kh )|
A comparison of the relative error |J(u)−J(u
for the diﬀerent reﬁnement strate|J(u)|
gies is depicted in Figure 5.2:
• “uniform”: Here we apply uniform reﬁnement of both temporal and spatial
discretizations after each run.
• “local equilibration ﬁxed”: Here we combine local reﬁnement of both temporal and spatial discretizations with the proposed equilibration strategy but
restrict ourselves to one (locally reﬁned) spatial mesh for the whole time
interval.
• “local equilibration”: Here we additionally allow the spatial meshes to change
in time.
It shows that the uniform reﬁnement needs about 12 times the number of degrees of
freedom the local reﬁnement needs to reach a relative error of 6 · 10−3 and even about
60 times the number of degrees of freedom the local reﬁnement with spatial meshes
changing in time.
In the following, we present the results for the cG(1)cG(1) discretization. As in
the cG(1)dG(0) case, Table 5.2 shows the development of the discretization error and
the a posteriori error estimators during an adaptive run with local reﬁnement in both
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Table 5.2
Example 1: Local reﬁnement with equilibration for cG(1)cG(1) discretization.
M
256
420
654
654
706

Nmax

ηk

ηh

985
1423
2307
3959
7701

−6.3·10−04

1.7·10−04

−1.3·10−04
−2.5·10−05
−2.0·10−05
−1.5·10−05

−2.4·10−04
−1.5·10−04
−5.5·10−05
−2.3·10−05

10−04

−4.532 ·
−3.675 · 10−04
−1.713 · 10−04
−7.504 · 10−05
−3.784 · 10−05

10−03

−1.242 ·
−6.757 · 10−04
−2.567 · 10−04
−9.737 · 10−05
−3.782 · 10−05

Ieﬀ
2.7392
1.8388
1.4986
1.2975
0.9993

uniform
local equi. ﬁxed
local equi.

0.1
|J(u) − J(ukh )|
|J(u)|

J(u) − J(ukh )

ηk + ηh

0.01

1e+06

1e+07
M


1e+08

1e+09

Nm

m=0

Fig. 5.3. Example 1: Comparison of diﬀerent reﬁnement strategies for cG(1)cG(1) discretization.

temporal and spatial discretizations. The variables M , Nmax and Ieﬀ are deﬁned as
before.
The table again demonstrates the desired equilibration of the diﬀerent discretization errors and the suﬃcient quality of the error estimators.
kh )|
In Figure 5.3, we show a comparison of the relative error |J(u)−J(u
for the
|J(u)|
three types of reﬁnement strategies, as described before. Compared to Figure 5.2, we
see the reduction in needed degrees of freedom to reach the same accuracy as in the
cG(1)dG(0) case due to the higher order of the temporal discretization. Moreover, we
again observe the advantage of dynamic meshes.
In Table 5.3, we present the numerical justiﬁcation for splitting the total discretization error into the temporal and spatial parts: The table demonstrates the
independence of each part of the error estimator on the reﬁnement of the other part.
This feature is especially important to reach an equilibration of the discretization
errors by applying the adaptive reﬁnement algorithm described above.
Finally, we present in Figures 5.4, 5.5, and 5.6 for the cG(1)dG(0) discretization
the reaction rate ω at diﬀerent times, the corresponding spatial meshes on which the
solution was computed, and the size of the time steps, respectively. Figure 5.5 shows
that the meshes are strongly reﬁned in the region where the reactive front is located.
Furthermore, we observe that the meshes at the beginning of the time interval are more
strongly reﬁned than those at the end. This is due to the fact that errors occurring
at the end of the time interval have less inﬂuence on the overall discretization error
than those occurring at the beginning because of the error accumulation.
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Table 5.3
Example 1: Independence of one part of the error estimator on the reﬁnement of the other part.
M
512
1024
2048
4096
8192
1024
1024
1024
1024
1024

N
3761
3761
3761
3761
3761
985
3761
14689
58049
230785

ηk

ηh

dG(0)

cG(1)

—

—

−1.9694·10−04
−1.0491·10−04
−9.6992·10−05
−9.5939·10−05
−9.5725·10−05

−4.5279·10−05
−2.8233·10−05
−2.3308·10−05
−2.1107·10−05
−2.1039·10−05

dG(0)
−3.7364·10−04
−3.6614·10−04
−3.6459·10−04
−3.6028·10−04
−3.5783·10−04

cG(1)
−3.5395·10−04
−3.5514·10−04
−3.5557·10−04
−3.5567·10−04
−3.5570·10−04

—

—

Fig. 5.4. Example 1: Reaction rate ω at t = 1.0, 20.0, 40.0, 60.0.
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Fig. 5.5. Example 1: Corresponding meshes at t = 1.0, 20.0, 40.0, 60.0.

0.12
0.1

k

0.08
0.06
0.04
0.02
0
0

10

20

30

40

50

60

t
Fig. 5.6. Example 1: Time steps k.
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Table 5.4
Example 2: Local reﬁnement with equilibration for cG(1)dG(0) discretization.
M
256
342
466
748
1098
1446
1594

Nmax
985
985
985
1447
2357
4151
8655

ηk
1.4·10−02
6.2·10−03
3.3·10−03
2.2·10−03
1.3·10−03
9.4·10−04
8.5·10−04

ηh
−2.3·10−04
−1.1·10−03
−2.1·10−03
4.6·10−03
2.0·10−03
6.4·10−04
2.2·10−04

ηk + ηh
1.416 · 10−02
5.149 · 10−03
1.294 · 10−03
6.776 · 10−03
3.305 · 10−03
1.577 · 10−03
1.067 · 10−03

J(u) − J(ukh )
2.681 · 10−02
2.038 · 10−02
1.681 · 10−02
1.078 · 10−02
4.049 · 10−03
1.715 · 10−03
1.097 · 10−03

Ieﬀ
1.8925
3.9574
12.9945
1.5912
1.2249
1.0876
1.0286

0.1

|J(u) − J(ukh )|
|J(u)|

uniform
local equi. ﬁxed
local equi.

0.01

1e+06

1e+07
M


1e+08

1e+09

Nm

m=0

Fig. 5.7. Example 2: Comparison of diﬀerent reﬁnement strategies for cG(1)dG(0) discretization.

5.2. Example 2. For the second example, we consider the same problem as
above but aim on reducing the error in a more localized functional:

J(u) :=

1
60|ΓR |



60


Y ds dt

0

ΓR

describing the mean concentration of the species on the cooled rods ΓR . The discretization is here done via the cG(1)dG(0) method. Table 5.4 again shows the development of the discretization error and the a posteriori error estimators during an
adaptive run with local reﬁnement in both types of discretizations. The notation is
the same as in Tables 5.1 and 5.2. Further, we present in Figure 5.7 a comparison of
kh )|
the relative error |J(u)−J(u
for the three reﬁnement strategies.
|J(u)|
In Figures 5.8 and 5.9, the spatial meshes and the size of the time steps are shown.
Due to the more local structure of the functional J in this example, we observe a
stronger beneﬁt of our error estimator driven by the quantity of interest J than in
Example 1. The spatial and temporal meshes are reﬁned only if large residuals of the
equation also have inﬂuence on the error measured in the functional J. This can be
seen since the time steps at the end are signiﬁcantly larger than at the beginning and
the spatial meshes at the end are not reﬁned at all.
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Fig. 5.8. Example 2: Spatial meshes at t = 1.0, 20.0, 40.0, 60.0.
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0.15

0.1

0.05

0
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20
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t
Fig. 5.9. Example 2: Time steps k.
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6. Conclusion. In this paper we proposed a methodology for eﬃcient adaptive
choice of spatial and temporal discretizations for nonlinear parabolic problems. We
derived an error estimator which assesses the discretization error with respect to a
given quantity of interest describing the goal of the computation. This is an extension
of the approach proposed in [4] to parabolic problems. The presented error estimator
separates the discretization errors from the temporal and the spatial discretizations.
This allows for equilibrating of these errors within an adaptive algorithm. Moreover,
the spatial meshes corresponding to diﬀerent time steps are reﬁned separately, which
is necessary for construction of eﬃcient discretizations for problems with complex
dynamic behavior. The presented algorithm is numerically tested and validated for a
combustion problem under the low Mach number hypothesis.
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