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Abstract

We consider a linear-quadratic elliptic optimal control problem with point evaluations of the
state variable in the cost functional. The state variable is discretized by conforming linear finite
elements. For control discretization, three different approaches are considered. The main goal of
the paper is to significantly improve known a priori discretization error estimates for this problem.
We prove optimal error estimates for cellwise constant control discretizations in two and three
space dimensions. Further, in two space dimensions, optimal error estimates for variational
discretization and for the post-processing approach are derived.
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1 Introduction

In this article, we develop a priori error estimates for the discretization of a linear-quadratic
elliptic optimal control problem with point evaluation of the state variable in the cost functional.
That is, we consider the following problem:

| a
Minimize | Y (u(2) &) + 22 (1.1a)
iel
subject to
—Au=gq in Q (1.1b)
u=0 on 09, )
and
a<gq(z)<b fora.azxecl. (1.1c)
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Here, Q C R is a bounded, convex, polygonal/polyhedral domain with d € {2,3}, a > 0,
a,b € R, and a < b. Problem seeks to minimize the distance of the state u to prescribed
values §; € R at fixed points x; in the interior of Q fori e I ={1,2,...,N }.

The consideration of such a cost functional involving pointwise evaluation is motivated by
parameter identification problems with pointwise measurements, see, e.g., [23] for numerical
analysis of a problem with a similar cost functional and finite dimensional control (parameter)
variable. The optimal control problem and its finite element discretization are considered
and analyzed in recent publications [0, 2, [I]. The goal of this paper is to significantly improve
the a priori error estimates from these papers, see Table [T] and the detailed discussion below.

Table 1: Comparison of the orders of convergence of ||¢ — qnl|r2(q)

Discretization variational cellwise constant post processing
Known results d=2 h }f“n i
d=3 C(g)ht~ hz|ln h|?
Our approach d=2  h%Inh|? h|ln h| h2|In h|?
Hrappr d=3  hlnhl hlln b

As in the above mentioned papers, we discretize the state equation with conforming
linear finite elements, see Section [3|for details. With h > 0, we denote the discretization parameter
describing the maximal mesh size. For the control discretization, we consider the following three
approaches. For each of the approaches error estimates for the error between the optimal control
q and the discrete optimal control ¢, in terms of the discretization parameter h are derived.

o Variational discretization: In this case, the control variable is not discretized explicitly.
It is implicitly discretized through the optimality system leading to an optimal discrete
control being not a mesh function, see [12]. For this case, estimates of order O(h) for d = 2
and O(h'~¢) for d = 3 are provided in [6, [I]. For the two-dimensional case we prove a
quasi-optimal (up to a logarithmic term) estimate of order O(h?|In h|?), see Theorem

o (Cellwise constant discretization: In this case, the control variable is discretized by cellwise
constant functions on the same mesh as used for the state variable. For this choice, error
estimates of order O(h|lnh|) and O(h% In h|?) for the dimensions d = 2 and d = 3, respec-
tively, are derived in [I]. We prove an error estimate O(h|lnh|) for both d = 2 and d = 3
significantly improving the known result for the three-dimensional case, see Theorem [6.6]

e Post processing approach: In this case, we use the approach suggested in [I8] for an optimal
control problem with L? tracking. That is, we discretize the control variable by cellwise
constant functions and define a post-processed control through a projection formula .
To our best knowledge, there are no results for this approach in the context of pointwise
tracking in the literature. For the two-dimensional case we prove the same rate of conver-
gence as for the variational discretization, i.e., O(h?|In h|?), see Theorem

These results in the case of cellwise constant discretizations for both d = 2 and d = 3 as well
as in the cases of variational discretization and of the post-processing approach for d = 2 can not
be further improved, see Table [I] To our best knowledge, the question is open, if it is possible
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to prove second order error estimates (up to logarithmic terms) for the three-dimensional case
(d = 3) on general quasi-uniform meshes. A possible way out is to use graded meshes locally
refined towards the points { z; }. By the techniques from [13], it seems to be directly possible to
prove second order estimates on such meshes. On such meshes also the case of absence of one or
both of the control bounds (i.e. @ = —o0 or/and b = c0) can be covered.

The structure of the paper is as follows. In the next section, we discuss the functional-analytic
setting of the problem, provide optimality conditions and derive regularity results. It turns out,
that although the adjoint state Z possesses in general only W1#(Q) regularity with s < d/(d—1),
the optimal control ¢ is Lipschitz continuous due the presence of control constraints. In Section [3]
the discrete problem for different control discretizations is introduced and the corresponding
optimality conditions are stated. After some estimates for an auxiliary equation in Section
we discuss in Section [5| properties of the continuous and the discrete Green’s functions. Thanks
to recent results from [I4], we are able to show that the discrete Green’s function has similar
growth behavior close to the singularity as the continuous one. This property is an important
ingredient to prove our main results but is also of an independent interest. Then, we prove error
estimates of order O(h|ln h|) (see Table|l]) in Section |§| and finally estimates of order O(h?|In h|?)
in Section[7] The last section is devoted to numerical results illustrating our error estimates. For
both, the cellwise constant discretization and the post-processing approach in two dimensions,
the numerical results are fully in agreement with the presented theory. We present also a three-
dimensional example for the post-processing approach and observe second order convergence,
which is not covered by our theory, see the discussion above and in Section [§| of this issue.

2 Continuous Problem

In this section, we give a rigorous definition of the continuous optimal control problem and
derive an optimality system as well as first regularity results for the optimal control. To this end,
let @ = L%(Q) and

Qaa={geQ|a<g<bae inQ}.

Further, let % <s< fil and 1 + 4 = 1. Then, in particular there holds s’ > d, Wh*(Q) —
L2(Q), and W' (Q) < C(Q). The weak formulation of the state equation (T.1D) reads as: For

a given control ¢ € @ find the state u € WOI’S/ (©) such that
(Vu, Vo) = (a,9) Vg € Wy™(Q), (2.1)

where here and in the sequel, (-,-) denotes the L?(f2) inner product.

For the state equation one obtains (cf. [II], Theorem 3.2.1.2) the existence and uniqueness
of a solution u € H%(Q) N I/VO1 ’8/(9) < C(9). This allows us to define a linear control-to-state
mapping S: Q@ — C(Q) as Sq = u where u is the solution of . We have the following
standard estimate for Sq:

15qll L) < CllSalla20) < CllallL2)- (2.2)

For a mutually disjoint set of points {z; |i€ I} C Q with I = {1,2,...,N} C IN and
prescribed target values { §; },o; C R at these points, we define the cost functional J: Q@ x C(Q) —

R as
1

Jagw) = 5 3 (les) = &)% + Sl
iel
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We then aim at solving the following optimal control problem:

Minimize J(g,u) subject to and (¢,u) € Qaq x C(Q). (2.3)
Theorem 2.1. Problem has the unique solution q € Qqq.
Proof. The proof can be done by standard arguments, cf., e.g., [27]. O

With the reduced cost functional j: @@ — R given by means of the control-to-state mapping S
as

j(q) = J(q, Sq),
it is straightforward to see that problem (2.3)) is equivalent to the problem

Minimize j(q) subject to ¢ € Qaq- (2.4)
Lemma 2.2. For q,0q € Q, the first Fréchet derivative of the reduced function j is given by
7'(0)(0q) = (aq + 2, dq),

where z € WOI’S(Q) solves

(V2, V) = S (Sq(z:) — &)p(xi) Yo € Wy (Q). (2.5)
el

The second Fréchet derivative is given for q,0q,7q € Q by

7"(9)(6q,7q) =Y S0q(x:)STq(x:) + (8g, 7q).
el

Proof. The proof is standard. The regularity of z can be found, e.g., in [3, Theorem 4]. O
Forie I, let z; € Wol’S(Q) be given as the solution of
(Vzi, Vo) = p(z;) Vo € Wy (Q). (2.6)
Then, it holds by construction that the solution z of (2.5)) can be expressed as

2=y (Sq(z:) — &)zi. (2.7)

el

Theorem 2.3. A control ¢ € Q.q with associated state u = Sq € Wol’sl(Q) is an optimal solution
to the problem (2.3) if and only if there exists an adjoint state z € WOI’S(Q) such that

(Va, Vo) = (q,¢) Vi € Wy (Q),
(VZ2,Ve) = > (u(z:) — &)plas) Vo € Wo™ (), (2.8)
el
(ag+z,0g—q) >0 Yoq € Qgq- (2.9)

Proof. 1t holds by a standard result (cf. [16, Theorem 1.4]) that ¢ is a solution to (1.1)) if and
only if j/(q)(6qg — @) > 0 for all ¢ € Qaq- Then, Lemma implies the assertion. O
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Proposition 2.4. A control § € Qquq is the solution to the optimal control problem ({2.3)) if and
only if ¢ and the solution z of (2.8)) fulfill the projection formula

_ 1_
q = Py (—a2> .

Here the projection Py is given by

Py (9(x)) = min (b, max (a, g(z)))
for g(z) € RU{—o00,00} at z € Q.

Proof. A proof of the equivalence of (2.9) and this projection formula can be found in [27
Theorem 2.28]. O

Proposition 2.5. For the solution q € Qqq of the optimal control problem ({2.3)), it holds
g€ H(Q).

Proof. This result follows directly from [5, Lemma 3.3]. O

3 Discrete Problem

We approximate the continuous state equation using a Galerkin finite element discretization.
For this discretization, we use a family of triangulations { 75, }. A cell K € T}, has the diameter hg.
The discretization parameter h is given as h = maxge7, hix. We also require the triangulation
to be regular and quasi-uniform.

For discretizing the state and adjoint equations, we consider the conforming space V; C
WL () of linear finite elements on the triangulation 7y,

Vi, = {Uh € C(Q) ‘ Uh’K € 'Pl(K) VK € Tp and Uh!ag :0}‘

We consider two types of discretizations for the control variable. The first type is the so-
called variational discretization introduced by [12]. Here, the control variable is not explicitly
discretized. As second possibility, we consider a piecewise constant control discretization on the
family of triangulations { 7j } introduced for the discretization of the states. Then, we define the
space of discrete controls as

Qz:{QhGQIQh’KEPO(K) forallKE’]}L}.

where Py(K) denotes the space of piecewise constant polynomials on a cell K. The discrete
admissible set is then defined as Q?v,,ad = Qf N Qaq-

In the following, we introduce properties for the discrete problem similar to the continuous
case in Section [2| before. To this end, Qp aq serves as placeholder for either Q,q (for variational
discretization) or @ .4 (for cellwise constant discretization).

The discrete state equation for u, € Vj with given ¢ € @) reads as

(Vun, Von) = (¢, 0n) Yeon €V (3.1)
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and the discrete analog to (2.3) has the form

Minimize J(gp,up) subject to (3.1) and (gn, up) € Qhad X V. (3.2)

Again, we can define the discrete control-to-state mapping with Sy: Q — Vj as Spqg = up. We
define the discrete reduced cost functional j,: @ — R by

in(a) = J (g, Snq)-
We start with the following stability result for the discrete solution operator Sp,.

Lemma 3.1. For g € Q, it holds

1Shall Loy < CllallL2@)-

Proof. The proof is standard. The sub-optimal L error estimate [7, p. 168] implies with (2.2)
that
_d _d
1Sq — Shall o) < Ch*2||Sqll m2(a) < Ch*2||q|l12(0)-

Hence,
_d
1Shall o) < 1Sall o) + 199 = Shall L) < C(1+ h*72)|lqllr2(0
implies the assertion. ]
Theorem 3.2. Problem (3.2)) admits the unique solution qn € Q. qd-
Proof. As Theorem [2.1] this can be shown by standard arguments. O

As in the continuous case, we have the following expressions for the first and second derivatives
of jh.

Lemma 3.3. For q,0q € Q, the first Fréchet derivative of the reduced function j is given by

in(@)(8q) = (aq + zx,dq),

where zp, € Vj, solves

(VZh,V(ph) = Z(Shq(:rz) — {z)goh(xz) Yo € Vy,. (3.3)
iel

The second Fréchet derivative is given for q,0q,7q € Q by

in(@)(0q,7q) = Snéq(wi)Snrq(w:) + a(dq, 7q).
i€l

For i € I, let z; € V}, be given as the solution of

(Vzh,i, Vgoh) = cph(a;i) thh € Vh. (34)
Then, it holds by construction that the solution z; of (3.3) can be expressed as
2 =Y (Snq(xi) — &) zng- (3.5)
el

In the following theorem, we formulate the optimality conditions for the discrete problem.
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Theorem 3.4. A control q, € Qp qq with the associated state up, = Spqn € Vi, is an optimal
solution to the problem (3.2)) if and only if there exists an adjoint state zj, € Vi, such that

(Vup, Veon) = (qn, ¢n) Vop € Wy,
(Vn, Voor) = > (tun(xs) — &)en(x:)  Veon € Vi, (3.6)
iel
(aqn + Zn, 0qn — qn) > 0 Vo € Qh,ad- (3.7)

Proof. The assertion of the theorem can be proved in the same way as its continuous analogue

of Theorem 2.3 0

Remark 3.5. Similar to Proposition on the continuous level, condition (3.7)) can be formulated
by the means of the projection P, . For Qpaq = Qad, it holds

_ 1_
dn = Play <—Zh> :
o

In the case Qnad = @, 4, the corresponding formula reads as
_ 1
qn = Papy | ——mn2n ),
«

where 7, denotes the L? projection on Q5.

4 Finite Element Error Analysis for an Auxiliary Equation

For the numerical analysis carried out later, we first need to bound the error u(z;) — up(z;) for

given ¢ € (Q,q. The are multiple results available for the state equation in case of a bounded

right-hand side, see e.g., [19, 21}, 22] but mostly for C? smooth boundaries in contrast to our case.
For given a f € L?(2) let w € H}(S2) be the solution of the auxiliary problem

(Vw, Vo) = (f,¢) Vo€ Hj(Q). (4.1)

Lemma 4.1. Let w € H} () be the solution of (4.1). Provided that f € LP(Q) with p > d, it
holds w € W1°°(Q) with

[Vwl| ooy < Cll fllr()-
Proof. For d = 2, the assertion follows from [11, Theorems 4.3.2.4 and 4.4.3.7] using the convexity
of Q which ensures the existence of p > 2 with w € W2P(Q) — W1 (Q).

For d = 3 and given y € Q, let G(+,y) be the Green’s function associated to y. Then, there
holds by the convexity of 2 and [I7, Theorem 5.1.8] that

|vyG($7y)‘ < ’IIZ‘ - y’72 Vz € Qa r 7é Y.

This allows us to estimate by the Holder inequality for 1 = }% + I% that

V)| = | [ ViGlo ) f(e) da

-2 -2
< [ 1f@llz =yl 2dw < [ F e Jlo =012

Since p > 3, the second factor is bounded, which completes the proof. ]
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We continue with a regularity result for the solution w of (4.1)) in a subdomain Q; € Qo € €2,
provided that the right-hand side f has higher regularity in 2.

Lemma 4.2. Let Q1 € Qg € Q with Qo smooth and w be the solution of (4.1).
(i) Provided that f|QO € LP () for some 2 < p < oo, it holds w € W?P(Qy) and

lwllwzr @) < Co{llfllLeo) + If1lz2(0) }

where C, ~ Cp for p — oo.
(ii) Provided that f|Q0 =0, it holds w € W*>(£) and

w20,y < CllfllL2(0)-

Proof. The proof of the first assertion follows along the lines of the proof of [15,~Lemma 2.5]. We
choose a smooth €7 such that Q7 € Q1 € €y. We first prove that w € W2’6(Ql). To this end,

let @ € [0, 1] be a smooth cutoff function with the properties
1 in Ql,
=0 in \ Qo.

w
w

Set v as v = Ww. Then, there holds by the product rule

(Vv, Vo) = (V(ow), V) = (0Vw, V) + (wVo, Vo)
— (Vu, V(@) — (Vu, ¢Va) — (V - (wVi), 9)
= (@f, ) = 2(VaVuw, ) — (wAD, ¢)

and therefore v satisfies the following equation
—Av=af - 2VaoVw — wAo in Qo,
v=20 on 9.
By [10, Corollary 9.10], the W2(Qq) norm of v is bounded by the L®(€) norm of the right-hand
side above. Using the smoothness of @, it follows
lollyzs@,y = [0lwes@,) < I0lwes@y) < Clof — 29@Vw - wAG| 1o,

< C{IIf ooy F VWl L (0) + 1wl Lo (o) }-

By (2.2) and the continuous embedding w € H%(Q) — W16(Q) we get
lwllyze,) < CLIfllzs (o) + I1fllz2() }-
For p < 6, this already states the assertion.
For p > 6, we iterate the previous steps with

(2)
(.’L‘) =0 inQ\Ql,

1 in Ql,

w
w
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and use the smoothness of Ql to estimate
ol = 0l < [0l < Collwf — 2VeVw — wAwl @,
< oIl iy + IVl oy + 0l oy

where C), can be traced from the proof of [10, Theorem 9.8, Theorem 9.9]. Exploiting W26(Q) —
WLP(€y) for all 1 < p < oo, we have

ol oy + 190l @y < Tollwzagyy < CUF s + 1120 )

which concludes the proof of the first assertion.

The second assertion follows similarly. Noting that @f = 0 on the whole domain 2 and the
smoothness of Q, the first step implies v € H3(Qg) and hence w € H3(€);). Then, since also
wf = 0 on the whole Q and € is smooth, the next step yields v € H® (Ql) and consequently
w € H°(Q). This implies the second assertion. O

Let wy, € Vp, be the Ritz projection of w given by

(vwh7 v‘Ph) = (fa ‘Ph) Vv € Vh- (42)

We will use the following Schatz-Wahlbin-type estimate to bound the error between the solutions

w of (4.1]) and wy, of (4.2) on a subset of (2.
Proposition 4.3. Let be 1 € Qy € Q, v € HY(Q) N C(Q), and vy, € V}, satisfying
(V(U — Uh), V(ph) =0 V(ph e V.

Then, there are constants C,C" > 0, 0 < hg < 1, and r > 0 such that C'h < r, dist(21,9Q) > 7,
and dist(Qp,0Q) > r. For 0 < h < hg and any pp, € V},, there holds

a
[v = vnllLe () < C{In7h|||v — @nll e o) + 7 211 = vallL2(00) }-

Proof. See [26, Corollary 5.1]. The corollary there is stated in a slightly different form. Applying
it to v — ¢y, — v, + p, yields the stated assertion. O

Lemma 4.4. Let Q1 € Qy € Q with smooth Qqo. Further, let w € HZ () be the solution of (4.1)
and wy, € Vi, be the solution of (4.2)).

(i) Provided that f|QO € L>(Qg) there is hg > 0 such that
[w — wh| o0y < CR? [ B[] fll zoo () + 1f 12200 }-
holds for h < hg.

(ii) Provided that f|QO =0, it holds

[w = whl| oo (0,) < CR*[nAl|| f[| r2(0)-
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Proof. We start with the first assertion. By Proposition we have for a suitable chosen smooth
Q1 with Q1 € Q1 € Qg and any ¢y, € Vj,

_d
lw = whllpoe(@y) < C{Imrhlllw = @nll oo,y + 772 llw — wall 2@, -

Since r is constant, we can use a standard result to estimate the second term, i.e.,

a
2lw — wpllz2) < CR*||fll120)-

_d
2 |lw = wpll 2@y ST
For the first term, we note that Lemma ensures w € W2P(Qy) for all 2 < p < oo. For
pn = tpw being the standard nodal interpolant of w, it holds

, _d _d
lw = inwl| gy < OB 7 V20l g,y < CPR* 2 {1 fll (0 + 120 }-

Choosing p = [ln h| for small h, we get ph27% < Ch?|In h|, which implies the stated estimate.
The second assertion follows similarly by using the second assertion of Lemma 4.2 ensuring
w e WQ’OO(Ql):
lw = inw]| oo,y < CR V0| oo () < CR2( fllL2(0)-

O
5 Estimates for the continuous and discrete Green’s functions
In this section, we consider a point zy € € and the associated Green’s function solving
—Ag=9§ in Q,

9= Oro (5.1)

g=20 on 0.
It is well-known that g € WOI’S(Q) for any s < % with

IVgllLs@) < C, (5.2)

see, e.g., [3, Theorem 4].

Lemma 5.1. Let g be the solution of (5.1)). Then, for every M > 0 there exists an open ball
B C Q containing xo such that
g(x) > M Vze€B.

Proof. 1t is well-known, see, e.g., [4, (3.11)] that the asymptotic behavior of g for x — x¢ is of
type

Cllnﬁ%—c& for d = 2,
gy~ {, o (5.3)
1m + CQ ord=3
with C7 > 0. This directly implies the assertion. O

Lemma 5.2. For the solution g of (5.1) and any open ball B C 2 containing xo, it holds

g€ Whe(Q\ B)n H*(Q\ B).

10
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Proof. There exists an open ball B’ € B with zg € B’. As before, we consider a smooth cutoff
function w: Q — [0, 1] with the following properties

w=1 inQ\B,
w=0 inB.

Let ¢ € Wol’SI(Q). As in the proof of Lemma it holds for v = wg that
(Vo, V) = w(zo)p(wo) = 2(VLVy, ¢) = (9AG, ) = =2(VwVyg, ¢) = (9Aw, ¢),
since w(xg) = 0. Therefore, v satisfies the following equation
—Av = —gAw — 2VwVyg in Q,
v=20 on 0f2.

For any s < d%‘ll, we have g € WH3(Q) from and it follows v € W2%(Q). Hence, by the
smoothness of w, we obtain g € W*(Q\ B) — HY(Q\ B) .

Iterating the previous steps using g € H'(Q \ B), we obtain v € H?(Q) and hence g €
H?(Q\ B) = WL5(Q\ B).

Iterating again using g € W6(Q\ B) implies v € W*°(Q) by Lemma Consequently, we
obtain the assertion g € WH>(Q\ B) N H2(Q\ B). O

Let g € V}, be the Ritz projection of g given as solution of
(Vgn, Von) = on(zo) Ven € V. (5.4)
Lemma 5.3. For the solutions g € Wo* () of and g, € Vi, of (54), it holds
lg = gnllzr () < Ch*Inhf?,
where C' is independent of h.

Proof. The assertion is a direct consequence of |20, Lemma 3.3 (ii)], cf. also [§] for d = 2.
However, the exponent of the log-term in [20, Lemma 3.3 (ii)] is different from 2 in the three-
dimensional case. Therefore, we give a proof here, which is a direct consequence of Lemma (i).

Let f =sgn(g — gn) and let w € H}(2) and wy, € Vj, be the corresponding solutions of
and . There holds

lg = gnlli) = (f.9 — gn) = w(zo) — wh(xo) < CA*Inh|?(| f|| ooy < CR*|In A,
where we have used || f|| (o) < 1. O

Lemma 5.4. For the solution g, € Vi, of (5.4), it holds

lgnllr2@) < C

with C' independent of h.

11
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Proof. We write the discretization error as e = g — g5 and define w € H{ () as the solution of
(Vw, V) = (e,0) Vo€ Hy(Q)
and wy, € V}, as the solution of
(Vwp, Vo) = (e,on) Yeop € V.
Then, the L? error on  can be expressed as
lellZ2(q) = (e:9) = (e, gn) = (Vw, Vg) = (Vuwp, Vgp) = w(zo) — ws(xo)
and the sub-optimal L> error estimate [7, p. 168] implies
lelF2a) < Ch*2lell2(a)-

Hence, we get
_d
lgnllz2y < Ch*72 +|lgll 2y < C
due to (5.2)). O

Lemma 5.5. For the solutions g € Wol’S(Q) of (b.1) and gn € V3, of (5.4) and any open ball
B C Q containing xq, there is hg > 0 such that

lg = gnll 200 5) < Ch?[Inh|
for all h < hg.

Proof. We proceeded as in the proof of Lemma by writing e = g — g, and introducing the
indicator function xp of B. Further, we define w € H(Q) as the solution of

(Vw, V) = (1 = xp)e,p) Ve € Hy(2) (5.5)
and wy, € V}, the solution of
(Vwn, Ven) = (1 = xB)e; on)  Veon € Vi
Then, the L? error on Q\ B can be expressed as
||6”2LZ(Q\B) = ((1=xB)e,g9) — (1 = xB)e, 2ni) = (Vw,Vg) — (Vwy, Vgr) = w(zo) — wp(zo).

Since the right-hand side of (5.5)) is zero on B, Lemma implies by choosing a suitable subdo-
main B’ € B containing z( that

lell72(0\ 3) = w(@o) — wa(zo) < |lw — wp||po(pry < Ch*|Inhllle]| 120\ 5):
which concludes the proof. ]

Lemma 5.6. For the solution g, € Vi, of (5.4) and any open ball B C Q2 containing xo there is
ho > 0 such that

lgnll ooy < € and | Vanllpanz) < C,
for all h < hg with a constant C' independent of h.

12
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Proof. On Q\ B, we get by an inverse inequality (cf. [7, Theorem 3.2.6]), Lemma and by
inserting the nodal interpolant i,g of g that

19 = 9nll oo (0 B) < Nl9n — in9ll oo By + 109 — 9ll Lo\ )
< Ch|Vgll o) + Ch™%|ing — gnll L2\ B)
< Chl|Vyll Loy + Ch™%{|ling - Il 20 m) + 19 — 9nll 2\ 5) }
< Ch* %[lnhl.
Here, we used that g € Wh°(Q\ B) N H%(Q \ B) according to Lemma Hence, we get

lgnll oo ) < 19l oo\ ) + 19 = 9nll oo (0 B):

which implies the first assertion again by means of Lemma [5.2] For the second assertion, we
similarly obtain

IV(9 = 91l 25y < CPIVZgll 20 i) + Ch ™ {lling = gll 205y + 19 = 9nll 12005}
< Chllnhl.

Here, we again used for the interpolation estimates that g € H*(Q\ B). Then,

IVl 2By < IVYll 2y + IV = 90)ll 20\ )
together with Lemma [5.2| implies the second assertion. O

We close this section by a discrete analogue of Lemma [5.1] for d = 2 only.

Lemma 5.7. Let d = 2 and gy € V}, be the solution of (5.4]). Then, for every M > 0 there exists
an open ball B € ) containing xo and hg > 0 such that for all h < hg, it holds

gn(x) > M Vx € B.

Proof. The main idea for the proof stems from the proof of [I4, Theorem 4.6]. While in [I4],
smoothness of the domain is required we do not need this for our particular result since xg lies
in the interior of {2 and we are only interested in the behavior of g5 in a neighborhood of zg and
not close to the boundary. Hence, case 3 of the proof of [14, Theorem 4.6] does not need to be
considered here. We adapt the technique to our case.

We distinguish the following two cases:

|z — xo| > kh|ln h|%: We show, that for this case we have pointwise convergence of gj,. This
setting fulfills the assumptions of |26, Theorem 6.1] which states the existence of constants
k and Cj such that for h sufficiently small and z, 29 € Qo € Q with |z — xg| > kh, it holds
h? |z —

- <
9() = 90(2)] < Co

(5.6)

Abbreviating n = |z — xzo|h~!, the right-hand side of (5.6) becomes C,n~2In7n. Since
kh|ln h|% < |z — x|, we have that n > k|ln h|% which means that for A small enough
C.n~?Inn is maximal at n = k[In h]% Combined, we have

lg(x) — gn(z)] < C’,.m_Q Inn < Cylln h]_l In|ln h]%

13



Behringer, Meidner, Vexler: FEM Error Estimates for Problems with Pointwise Tracking

Hence, for h < hg sufficiently small, we obtain

gn(x) = g(x) + (gn(x) — 9(2)) = 59(x),

which implies the assertion in this case by Lemma [5.1]

|z — xo| < Kh|ln h|%: From [I4, Lemma 4.8], we know that g5 (z9) > C(1+ |Inh|). Due to [14,
Lemma 4.9], the first derivative of gj, is bounded by [[Vgp||re ) < Ch~!. Then, by the
mean value theorem, it holds

1
gn() > gn(zo) = [VanllL=()lz — 2ol = C|lnh| — C|ln hlz.
That implies |gp(z)| > M for h < hg sufficiently small.

Combination of these cases yields the assertion with a set B which can be chosen independently
of h < hyg. O

Remark 5.8. To our best knowledge, the question is open, if it is possible to prove a similar
estimate for the discrete Green’s function g in the three-dimensional case (d = 3) on general
quasi-uniform meshes.

6 Error Analysis for the Optimal Control Problem

In this section, we derive estimates for the discretization error between the continuous optimal
control ¢ € Qg and the discrete optimal control g, € Qpaq for the case of variational control
(i.e. Qnad = Qad) and piecewise constant control discretization (i.e. Qpaqa = thad). In both
cases, we derive error estimates of order hlln h|, cf. the Theorems and

Before doing so, we introduce an additional piece of notation. So far we have only discussed
the parts of the adjoint equation related to the singular behavior. Now we also consider the
coefficient Sq(x;) — & accompanying each z;. If this coefficient becomes zero, the singularity at
that point vanishes. For the rest of the paper we define

L={iel|Sqz;)—& =0}
to be the set of such indices.

Lemma 6.1. Let § € Quq be the solution of (2.3)). Then, for each i € I\ L there is an open ball
B; C Q containing x; such that, depending on the sign of Sq(x;) —&;, either q(z) = a or g(x) =b
holds for all x € B; . Moreover, it holds ¢ € W1>°(Q) with

IVl Lo o) < C.
Proof. For the solution z of the adjoint equation ({2.8]), it holds
Z=> (9q(xi) — &)z

el
with z; being the solution of (2.6). The Lemmas and applied to z; for any ¢ € I'\ L ensure
that for such ¢ and any M > 0 there are open balls B; containing x; such that

|zi(z)| > M Vzx € B; and 2jllpee(B,) < C forjeI\{i}.

14
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Hence, by using Sq(z;) — & # 0, we can choose B; for i € I \ L such that either
1_ 1 _ 1_ 1 _
——Z=——3 (8qz;) &)z <a or  —~—z=——7% (Sq4(xj) ~ &)z = b

@ o “ e o #

Jjel jel
holds. Hence, by Proposition [2.4] we obtain the first assertion.

For the second assertion, we note that ¢ € H'(Q) by Proposition Hence, to prove g €
Wtoo(Q) it is sufficient to ensure g € WH°(B;) for every i € I\ L and ¢ € W1*°(Q\ Uienz Bi)-
The first result follows directly from the previous discussion. Lemma yields ¢ € Whee(Q \
Uienz B;), which completes the proof.

As preparation for deriving the error estimates for ||¢ — gn| z2(q), we prove the following three
lemmas.

Lemma 6.2. For p,q,qn, € Q, it holds

allg = anll720) < in(P) (@ — an a — an)-
Proof. This follows directly from Lemma |3.3 O

Lemma 6.3. For q,0q € Q.q, it holds
7"(@)(0a) = jr(@)(0a)| < CR?[ A (6] L= ()

with a constant C' independent of h.

Proof. By the Lemmas [2.2] and [3.3] we arrive at

3"(@)(6a) — jn(@)(6a)| = (2 — 2, 0a)| < |(z — Zn,0q)| + |(Zn — 20, 39)], (6.1)

where 2z € WO1 *(Q) and z;, € Vj, are the solutions of (2.5) and (3.3)), respectively and 2z, € V},
denotes the solution of

(VZh, Veon) = > (Sq(xi) — &)en(wi)  Veon € Vi
i€l
By construction, it holds

2= (Sq(x;) — &)znyg

el

with zp,; given by (3.4)).

For the first term on the right-hand side of (6.1)), we get by (2.7) and Lemma

[(z = 21, 09)| < |2 = Zll @ 10all o) < D ISa(ms) — &illlzi — 2n4

el
< CR* Ik {]|Sql Lo @) + €104l e () < CR* R {llqll r20) + 1€1}16ll Lo ()

with |§’2 =D ier 512

For estimating the second term on the right-hand side of (6.1)), let Q1 € Qg € Q with smooth
Qo such that {x; | i € I} C ;. Then, (3.5) and the Lemmas [5.4] and |4.4] yield

(Zh — 21, 60)| < |20 — znll 220 19all 220y < D_ISq(wi) — Sha(zi)lll2n
icl
< C1Sq = Snall e aylldall 2 < Ch* I h|?||ql| Lo () 16q]l 22 () -
Inserting this back in (6.1)) proves the lemma. O

@104l Lo ()

L2(Q)H5QHL2(Q)
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Lemma 6.4. Let q,p,0q € Q. Then, it holds

91 (0)(99) — 3, (P)(89)| < Cllg — pll L2 194l L2 () -

Proof. Due to Lemma it holds by the mean value theorem for any p € () that

in(@)(8q) — 41,(p)(6q) = j1,(p)(q — p,6q) = Y Su(q — p)(x:)Sndq(xi) + alq — p, 5q).
el

Therefore, using Lemma [3.1] we can estimate
17 (@) (89) — 31, (P) (69)| < C|ISh(q — )|l Lo () 1ShIq|| oo () + (g — p, )|
< Cllg = pllir2 194l L2 (0)

which states the estimate. O

6.1 Variational Discretization

As first discretization, we consider the variational discretization approach as introduced by [12],
i.e., we choose Qpad = Qad- Note, that the following error estimate extends [2, Theorem 5.2] to

domains with polygonal or polyhedral boundary and for d = 3 improves convergence rate by h3
compared to [2, Theorem 5.2] and [6, Theorem 3.2].

Theorem 6.5. Let § € Qqq be the solution of the continuous problem (2.3) and qn, € Quq the
solution of the corresponding discrete problem (3.2) with Qp qq4 = Qad- Then, it holds

14 = arllz2(0) < Chllnhl
with a constant C' independent of h.

Proof. Using Lemma we have by the optimality conditions (2.9) and (3.7)) that

allg = Gull720) < Jn
./

< in(@) (@ —an) — 3"(@)(q — qn)

()@= G, G — Gn) = 31(@)(q — Gn) — 31(G1)(T — Gn)

for arbitrary p € Q. Since ¢, qn, € Qaq are bounded, Lemma [6.3] implies
allg = anlliz) < (@@ — @) — 3" (@) — @) < Ch* | hP(|g — gall ey < Ch*[Inhf,

which yields the result. O

6.2 Cellwise Constant Control Discretization

We now consider the fully discretized case where the discrete state and adjoint are approximated
by functions in V}, and the discrete control is searched for in Qa4 = Qz’ad. Note, that the
following error estimate im?roves for d = 3 the—to our knowledge—best known error estimate
from [I, Theorem 4.3] by h2.
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Theorem 6.6. Let ¢ € QQuq be the solution of the continuous problem (2.3) and Gy, € Qp qad the
corresponding solution of the discrete problem (3.2) with Qp 44 = Qfmd. Then, it holds

17 — qnllL2() < Chlln Al
with a constant C' independent of h.
Proof. We split the error as
1¢ = anll2) < 17— mrdllz2@) + 17hd — nllz2 @)

where 7, denotes the L? projection on Q% given for v € LY(Q2) by

1
(Thv)| = 4l /dex VK € Tp. (6.2)
Standard estimates yield by Lemma [6.1] that

1q — 74l 22(0) < CR|IVQ|12(0) < Ch. (6.3)

To bound ||7,q — qhHLQ(Q), note that 7,q € @}, ,q- We derive by means of Lemma as well
as the optimality conditions and ( . ) that

allmng — Gnll 72y < 31 (P)(ThT — Gns 0 — Gn) = 33(Td) (TG — @) — G4 (@n) (TG — 1)
< Ja(mh@)(mhd — @n) — 5(@)(T — an)-
By further splitting, we obtain

a|lmhg — QhHL2 < Jn(mh@)(7hq — qn) — 5 (@) (7hq — @n) — 7 (@)(q — 7 Q)
= {jn(mh@) (7hd — @) — 31 (D) (ThT — Tn } (6.4)
+ {3n(@) (G — @n) — 5 (@) (7ng — an) } — 3" (@)(q — 7).

For the first term in (6.4)) we apply Lemma and (6.3) to end up with

191 (70 @) (710G — @n) = 31 (@) (7hG — @n)| < Cllmng — dll 2o 17nG — anll 20
< Ch* + §H7Thq - Qh||L2(Q)

The second difference in (6.4)) can be dealt with as in Theorem We apply Lemma leading
by 1744 Lo (@) < 1G]l o) to

91 (@)(mhd — @n) — §'(@) (7@ — @n)| < CR*|Inh?||maq — Gull ()
< CR* I h{]|qll o0y + 1G]l Lo (@)} < Ch*|Inh>.

By the L? orthogonality of the projection 7, the last term in (6.4) amounts to

7' (@)(@ — mq)| = 1(aq + Z,¢ — mq)| = |((aqg + 2) — mp(aq + Z), ¢ — T1q)]
< |(aq + 2) — mh(aq + 2)|| 1) |17 — Trall L= (o)
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Since 7z is in WH1(Q2) (cf. [3, Theorem 4]), we can use standard estimates for the L? projection
in L1(2) and L>(9) to get

13"(@)(7 — ma@)| < CR?|IV (0 + 2)|| 110 I VTl 1o () < 0h2{”V5\|il(Q) +IVall7e (g} < CR®

by (5.2) applied to z and Lemma Collecting the estimated for the right-hand side of (6.4])
and absorbing the term §||74,q — gal|32 () to the left-hand side, yields

allmng = aullZ2(q) < Ch* k)%,

which implies the assertion together with (6.3]). O

7 Improved Error Analysis for the Optimal Control Problem in two
Dimensions

In this section, we improve the error estimates derived in Section [ using a more detailed analysis
of the behavior of the discrete optimal control in two space dimensions. Moreover, when dis-
cretizing the controls by cellwise constants (i.e. for Qpaq = Q‘;had), we employ a post processing
strategy to overcome the limitations to first order convergence in this case. For variational dis-
cretization and for cellwise constant control discretization with post processing, we derive error
estimates of order h?|In h|?, cf. the Theorems [7.5 and

Throughout this section, the analysis is restricted to d = 2. We start by proving a result for
the discrete optimal control g similar to Lemma [6.1] This is possible due to the Lemmas
and

Lemma 7.1. Let d = 2. Further, let g, € Qh,qd be the solution of (3.2]). Then, for eachi € I\ L
there is an open ball B; C ) containing x; such that, depending on the sign of Spq(x;) —&;, either
gn(x) = a or qp(x) = b holds for all x € B; and h < hy.

Proof. We first show that for i € I \ L the difference |Syqn(x;) — &| is bounded away from zero
provided that h is sufficiently small. For ¢ € I'\ L, it holds

0 < [5q(zi) — &
< |Shgn(zi) — Sqn(zi)| + [S(an — @) (xi)| + |Shan (i) — &
< CR* ||l =0y + CIT — @nllz2e) + |Shan(zi) — &
< Chllnh| + |Spqn () — &l-
Here we used Lemma , and Theorem Thereby, we conclude that there is hg > 0

such that Spqn(x;) —& # 0 for i € I\ L and h < hy.
For the solution zj, € V}, of the discrete adjoint equation ({3.6)), it holds

Zn =Y _(Shan(z;) — &) 2n,
i€l
with the solutions zj,; € V}, of (3.4)). Lemma in combination with Lemma applied to zp,;
for any i € I\ L ensures (by possibly reducing hg) that for such i and any M > 0 there are open
balls B; containing x; such that

|zn,i(z)] > M Vx € B; and 2njllee(B,y < C for je I\ {i}

18
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for all h < hg. Hence, by using Spqn(x;) — & # 0, we obtain on B; for ¢ € I\ L that either
1_ 1 _ 1_ 1 _
——Zn === (Sndn(zj) —&)ang <a or = —Zy=——> (Span(w;) — &)z = b
a a4 a a’
Jjel jeI
holds. In the case of variational discretization, i.e., for Qpaq = Qad, the assertion follows im-
mediately from Remark as in Lemma [6.1] For cellwise discrete control discretization where

Qhad = QF, 44, let ™, be the L? projection on @ as given by (6.2). Then, again by Remark
it holds for K € 7T}, that

_ 1 _ 1_
| = Play <—a(7ThZh)|K> = Py <—a2h(SK)> ;

where Sk denotes the centroid of the cell K, cf. Section [7.2] This implies the assertion also in
this case. O

Lemma 7.2. Let d =2, ¢ € Qqq be the solution of (2.3), and gn, € Qh,aa the solution of (3.2).
Then, there exist hg > 0 and open balls B; C Q containing x; for i € I\ L, such that for all
h < hg, it holds either

gz)=qguz)=a or q@)=g(z)=b VxeB,.
Proof. The assertion is a direct consequence of the Lemmas [6.1] and O

Lemma 7.3. Let d = 2 and B; C Q open balls with x; € B; fori € I\ L. For a q € Quq, let z
be the solution of (2.5) and Zy € V}, be given as the solution of

(Vzn, Vior) = Y (Sq(wi) — &)pnl(xi)  Veon € Vi (7.1)
i

Then, it holds for B = ;e\, Bi that
12 = Znll 2\ ) < Ch?|nhf?,
with a constant C' independent of h.
Proof. Let z; be defined by (2.6 and zj,; be defined by (3.4). We begin with the splitting

|1z = Znll 25y < DI(Sq(@i) — &)z — (Sng(xi) — &)z

€L

L2(2\B)
+ > (Sq(wi) — &)zi = (Sna(ei) — &) znill 2y (7:2)
iel\L

To discuss the first term of (7.2)), we note that for ¢ € L there holds Sq(x;) —& = 0. Therefore,
we have for such 7 that

(Sq(zi) — &)z — (Sha(xi) — &) zng = (Sha(xi) — &) zni = (Sha(xi) — Sq(4)) 2h -
Then, we get by the Lemmas [£.4) and [5.4] that

1(Sq(z:) — &)zi — (Sna(wi) — &)znill 2y ) = [(Sha(zi) — Sa(xi)znill L2 )
< |Shq(wi) — Sq(@i)llzn,ill 2 (o) (7.3)
< CR I hP|q o 0)-
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For the second term of ((7.2)), we split
(Sq(wi) — &)zi — (Sna(xi) — &)zni = (Sq(zi) — &) (2 — 2zni) + (Sq(xi) — Shg(i))zn:  (74)
and obtain for the first term by ([2.2]) and Lemma applied to z; and zj; separately on B; that
1(Sa(zi) — &)(2i — zn)ll 2By < Ndllz2@) + 1€} 120 — 2nill 20 By
< CR?[nhl{|lqll2(q) + |€]}-
For the second term of the right-hand side of ([7.4)), we can proceed as for (|7.3) to obtain
1(Sq(xi) — Sha(xi))zn,i
Collecting the terms, we get for the second term on the right-hand side of (|7.2))
1(Sq(xs) — &)zi — (Spd(w:) — &) znill 25y < CRP AP {lg] oo 0y + €]}
By adding up the two estimates for ((7.2), we arrive at the result. O

|20 B) < CR? A |lgl| L~ (-

Based on the previous lemma, we can improve Lemmal6.3] for the case d = 2. The improvement
consists in the fact that the L™ norm of d¢ can be replaced by its L? norm provided that dg
vanishes in the neighborhood of the points x; for i € I'\ L.

Lemma 7.4. Let d = 2 and B; C Q open balls with x; € B; fori € I\ L. For B = UieI\L B;
and q,0q € Qqq with 5q|B =0, it holds
15 (a)(8q) — 51 (2)(3q)| < Ch*Inh|?||6q|| 120
with a constant C' independent of h.
Proof. The proof follows the lines of Lemma [6.3] obtaining
15(2)(89) — jn(@)(89)| < (= = Zn,0q)| + |(Zn — 21, Iq)|-

with Zj, solving (7.1). The second term is treated as in Lemma Using Lemma for the
first term then implies the result by

(2 = 21, 09)| < ||z = Znll 200 Byl10all L2 ()

since 5q‘B = 0. O

7.1 Variational Discretization

The following result improves Theorem[6.5]in the case d = 2. Since the result relies on Lemma [5.7]
which is available for d = 2 only, an extension to d = 3 is not directly possible.

Theorem 7.5. Let d =2, ¢ € Quq be the solution of the continuous problem (2.3)), and gn € Qa4
be the solution of the corresponding discrete problem (3.2) with Qp o4 = Qaa- Then, it holds

17 = @nllr2@) < Ch*|Inh|?
with a constant C' independent of h.

Proof. The assertion is proven as Theorem Let B = ;e neBi for the sets B; given by
Lemma On B, it holds dq = ¢ — q;, = 0. Hence, by using Lemma [7.4] we conclude

allg = anll7z) < 15" (@)(09) = 31 (@) (69)| < CR I h{||qll Loy + 1E[}1T = anll2()-
Dividing by || — Gn|lz2(q) proves the theorem. O
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7.2 Cellwise Constant Control Discretization with Post Processing

We adapt the proof technique from [I8]. We split up the mesh into subsets with respect to the
regularity of q. For a given mesh 7, we define three subsets of cells

T={KeT|dy=aod,=b}, T2={KeT|a<d<v},
and T} =T\ (T, UT;).

Then, ’7;5’ denotes the set of cells where ¢ is only Lipschitz continuous in contrast to 7711 U 7712
which consists of cells K where ¢ is in H?(K). As in [I8], we make the following assumption:

Assumption 1. We assume the existence of a constant C' independent of h, such that for all A
sufficiently small, it holds
> |K| < Ch.
KeT?

Similar assumptions have been made in the case of cellwise linear discretization or a postpro-
cessing approach in, e.g., [25] [18§].

Remark 7.6. By (j5.3) applied to z, it seems likely that the active set { z € Q | g(z) = a V g(x) =b}
has rectifiable boundary. This would imply that the boundary is a curve of finite length, i.e., it
can be covered by a subset 7,2 C 7y, fulfilling Assumption

We denote by Sk the centroid of a cell K € T,. For w € C(Q2), we define the projection
Ryw € Qf by
Rhw]K = w(SK) VK € Ty,. (7.5)

Further, we set
Th = Rh‘jv (76)

which is well-defined by Lemma and note that by construction, it holds r, € Qj, ,q-

Proposition 7.7. Let f € H*(K) for a given cell K € Ty,. Then, it holds

[ (#@) = 180 de| < CHIR IV 2000,

Proof. See [18, Lemma 3.2]. O

Similar to [I8, Lemma 3.3], we prove the following result adapted to the problem considered
here:

Lemma 7.8. Let d =2, ¢ € Qqq be the solution of (2.3)), and ry, € QY qq defined by (7.6). Then,
there is hg > 0 such that for alli € I\ L and all h < hg, it holds

S1(q — i) (zi)| < Ch?

with a constant C independent of h.
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Proof. Let z; € V, be the solution of (3.4). Then, we can write

Si(@ —rn)(@i) = (Vzni, V(ShG — Shrn)) = (2h,i: @ — 1)-

For K € T;}, it holds cﬂK € {a,b}. Hence, we have r, = ¢ there and (zp,q — 75,) vanishes on
UT;!. Consequently, we get

(Zh,i, (j — ’I”h) = Z /K Zh’i((j — T’h) da: + Z /K Zh,i(q — T‘h) dl‘.

KeT? KeT?

Lemma [6.1] ensures the existence of open sets B; C Q for i € I'\ L with z; € B; and ¢(z) € {a,b}
for x € B;. For h < hg, the sets B; can be chosen such that B; C U7;Ll.

We first consider the integral over K € 7;3. Again by Lemma we know that ¢ € W1 (K)
which implies for z € K that

|q(2) = (@) = |a(z) = 4(Sk)| < Cl = Sk|[VllL~(@) < ChIVllLe(0)-

For B = ;e Bi it holds B C U T,L. Hence, we have |J7;2 C Q\ B and one obtains

Z /th,i((j—rh)dx < Z /I<‘Zh,i<(j_7“h>‘dx

KeT? KeT?
< Chl[znill oo 3y 1Vl e @) > IK| < CR3||Vl (o)
KeT?

by means of Assumption [I] and Lemma [5.6]
For a cell K € 7712, we have that

/Zh,ﬂ’hd$=/ Zh,i@(SK)dl‘:/ 2h,i(SK)q(Sk ) dz.
K K K

Using this, we obtain by Proposition [7.7] and the Cauchy—Schwarz inequality that

2

> [ anila—rde| <Cn® | 3 IV i) e

KeT? KeT?

On UThQ, we have § = —a~'Z. By the product rule, we get since 7;? C Q\ B that

2

Yo IVl | < Cllznill oo o) V22N 20 ) + ClV 21
KeT?

2@\ IVZl Lo (0 )

Using Lemma for the terms involving zj; and Lemma for

2= Y (Sq(z:) — &)z,

i€I\L

we obtain the assertion by collecting the previous estimates. O
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Lemma 7.9. Let be d =2 and B; C §2 open balls with x; € B; fori € I\ L. For 2, € V}, given
as the solution of

(Vn, Von) = > (Spra(ai) — &)en(xi)  Veon € Vi (7.7)
el

for vy, defined by (7.6) and B = U,cp\ 1 B, it holds
12 = 24ll 20 3y < CH?|InA?
with a constant C' independent of h.
Proof. We split
12 = Znll 2By < 12 = Znll 2y + 120 — 20l 2\ )
where Zj, € V}, is the solution of ([7.1]). For the first term, Lemma states
I1Z = Zull 2y < Ch?In A,

For the second term, we get from Lemma [5.4] that

120 = 2nll 20y < 1120 — 2nllz2() < C D ISh(@ — rn)(@i)].
el

Then, by Lemma [7.8] we get
th - éh”LQ(Q\B) < Ch2

Collecting the estimates yields the assertion. O

Lemma 7.10. Letd =2, q € Q,Cmd be the solution of (3.2)) with Qp qq4 = @} qa> and 1, defined
by (7.6). Then, there exists hg > 0 such that for h < hg, it holds

llan — 7"h||L2(Q) < C'hQ]ln h|2
with a constant C' independent of h.

Proof. As in [I8], we first derive a variational inequality for 7,. To this end let hy > 0
be sufficiently small such that the sets {Bo; C|i€ I\ L} given by Lemma subsets
{B1,,C By, |ieI\L}, and a subset of cells T, C T, fulfill the relation

By C Qho C By
for By = Uiepz Bo,is o = U Thy, and Bi =Uien Bui-
By Lemma we have that z € C'(2\ B1). We now apply the optimality condition (£2.9)),
which holds true for all 6¢ € Q.q and also pointwise on 2\ Bj:
(ag(x) + 2(2))(6q — q(x)) =0 Véq € [a,b], © € 2\ By.
We apply this formula for z = Sk with K € Tj, and K C Q\ 4, and dq = ¢, (Sk) which gives
(arn(Sk) + 2(Sk))(arn(Sk) — rn(SK)) = 0.

Integrating this inequality over K and summing this up over K € Tj, with K C Q\ €y, yields

(arn + RnZ,Gn = Th)12(0\0) = O-
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Noting that g — r, = 0 on By implies
(arn + RpZ, 4n — Th) p2(a\ o) = 0-
By testing the discrete optimality condition (3.7]) with dgn = 71, we get
(qn + Zn, Th — Qn) 2\ By) = 0
again by using 7, — g, = 0 on By. Adding the last two inequalities results in the estimate
— 12 — 12 _ _
afra — QhHL2(Q) =allrp, — qhHL2(Q\BO) < (Rnz — Zn, qn — Th)L2(Q\BO)- (7.8)

We split the right-hand side of the above inequality to get

(RhZ = Zh, Gn — Th) 20\ By) = (BhZ — 2,0n — Th) 12(00\ Bo)

+ (2= 2n, @ — ma) 20 Bo) T (Bh = 20, @ — Th) 200\ Bo)»

where Zj, € V}, solves (|7.7)). We separately estimate the three terms on the right-hand side.
Using Proposition the fact that g, = r, on By, and that ¢, and rj, are piecewise constant,
one arrives for the first term at

(B =200~ )y < 3 10(Sk) = m(Sw)l| [ (Faz - 2)ds
KeTy
KCQ\QhO

1
<Ch* Y |an(Sk) — r(Se)|IK|Z V2] 2
KeT,
KCQ\QhO

< Ch?|\Gn = rll 2@zl 2 3y )

where [|2[| g2(q\ g, is bounded due to Lemma
For the second term, it follows by Lemma [7.9]that

(2 — ih,(jh — Th)LQ(Q\Bo) S ChQHH h‘QHQ_h — ThHL?(Q)‘
For the last term, we have since gq;, — rp, = 0 on By that

(2h = Zh, @n — T0) 20\ Bo) = (V(Bh = Z1), VISa(@n — 1)) = = D (Sh(@n — ra) (1)) < 0.
it

By using the last three estimates and ([7.8)), we complete the proof. ]

Using the previous lemmas, we can conclude this section by formulating the error estimate for
the post-processed control g given by

n = Pap(—a '), (7.9)

where z;, € V}, is the adjoint state associated to the solution ¢, € QF .4 of the discrete prob-

lem (3:2) with Qhad = Q§ ua-
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Theorem 7.11. Letd =2, § € Q44 be the solution of the continuous problem (2.3), and §;, given
by (7.9). Furthermore, let Assumption hold. Then, it holds

17 = Gnllr2) < Ch*|Inh|?
with a constant C' independent of h.
Proof. By Lemma there is B = U;ep g Bi such that ¢ = ¢, on B. Then, the Lipschitz
continuity of the projection operator P, in L?(€2) implies
17 = dnll 2y = 17 = dnll 2@ m) = | Prapi (=" 2) = Pagi(—a ™ 20) [l 2 ) < ClIZ = Znll 2\ 5)-

Then, we split
12 = Znll 2By < 12 = Zall 2o gy + 1120 — 2l 20 )
where Zj, solves (7.7]). For the first term, we have by Lemma

12 = 2nll 2y < Ch?[Inhf?.
For the second term, we get by the Lemmas and

120 = Znll 23y < 120 = Znllz2i) < C D ISh(@n — ra)(@i)] < Cllan — rall2(o)
iel
< Ch*|In h|?.

Combining the estimates implies the assertion. O

8 Numerical Results

We give numerical results to confirm the results of the previous sections. To this end we consider
different sample problems. The optimal control problems are solved by the optimization library
RoDoBoO [24] and the finite element toolkit GASCOIGNE [9J].

We consider the optimal control problem with the slightly modified state equation

—Au=f+gq

with given right-hand side f in a ball Q = By s(x1) C R? with d € {2,3}. The cost functional
consist of one point evaluation at x1 = (O.5,0.5)T for d = 2 and respectively xz; = (0.5,0.5,0.5)7
for d = 3. The choice of 2 allows to give an exact solution of —Az; =, by

%ln#—g‘—z for d = 2,
2 = T |x—z1] s
L 1 L for d = 3,

Am Jx—z1] ~ 2w

where |z| denotes the Euclidean norm of » € R%. We choose u(x) = cos(r|z — x1|) and & =
u(z1) — 1. Hence, the adjoint solution z is then given as z = z;. By choosing a = 1, the
optimal control fulfills ¢ = P, (—2). The right-hand side f is chosen such that @ solves the
state equation. Thus, we have f = —A cos(w|z|) — q.
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Figure 1: Errors ||g — qn|| 12(q) for cellwise constant control discretization (left) and ||q — gnl|r2(q)
for cellwise constant control discretization with post processing (right)

First, we present results for cellwise constant discretization of the control. Here, the bounds
are chosen as —a = b = 1. The numerical results depicted in Figure (left) confirm the estimates
of Theorem

Further, for choosing a different value for the bounds, —a = b = 0.2, we present in Figure
(right) results for cellwise constant discretization of the control with post processing. They
confirm the estimate of Theorem which was proved in d = 2 dimensions only. However,
the numerical results for d = 3 indicate that a similar convergence result may also hold in three
dimensions.
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